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Abstract
We study the derived categories of varieties X and X+ connected by a flop.
We assume that flopping contractions f : X → Y , f+ : X+ → Y have fibers of
relative dimension bounded by one and Y has canonical hypersurface singularities
of multiplicity 2. We consider flop functors F : Db(X) → Db(X+), F+ : Db(X+)→
Db(X), which we prove to be equivalences.
The composite F+◦F : Db(X)→ Db(X) is a non-trivial auto-equivalence. When
variety Y is affine, we present F+ ◦F (up to shift) as a spherical cotwist associated
to two spherical functors. Consider the composite g = i ◦ f , where i : Y → Y is a
divisorial embedding into a smooth variety. The functor Rg∗ : D
b(X) → Db(Y) is
the first spherical functor. We consider the null category Af of sheaves on X with
derived direct image vanishing. The inclusion of Af into Coh(X) gives the second
spherical functor Ψ: Db(Af )→ D
b(X).
We construct a spherical pair in a suitable quotient Db(W )/K of the fiber product
W = X ×Y X
+.
We show that the subcategory of Af consisting of sheaves supported on the fiber
C =
⋃n
i=1 Ci over a closed point of Y ind-represents the functor of non-commutative
deformations of OCi(−1)’s. For this purpose, we develop a categorical approach to
the non-commutative deformation theory of n objects.
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1 Introduction
A homological interpretation of the Minimal Model Program (MMP) in Birational
Geometry was proposed in [BO95, BO02]. The basic idea is that MMP is about
”minimisation” of the derived category of coherent sheaves on a variety, when the variety
is minimised inside its birational class. More precisely, we expect that if variety X allows
a divisorial contraction or a flip X → Y , then the derived category of X has a semi-
orthogonal decomposition and one component of this decomposition is equivalent to the
derived category of Y . Thus, minimizing the birational model should have the categorical
incarnation in chopping off semi-orthogonal components of the derived category. A
minimal model is expected to be a representative in the birational class of a variety whose
derived category does not allow semi-orthogonal components equivalent to the derived
category of a variety birationally equivalent to X .
Since MMP in dimension greater than two deals with singular varieties, the right
choice of the derived category to consider also matters. In particular, for Q-Gorenstein
varieties the derived category of coherent sheaves on a suitable stack is relevant (cf.
[Kaw02], [Kaw09]). Since the minimal model is not unique, MMP also considers birational
transformations that link various minimal models, called flops. The derived categories are
conjectured to be equivalent under flops [BO95], [Kaw02], [BO02].
There is a numerous evidence in favour of this conjectural picture, starting from the
original paper [BO95], where some simple higher dimensional flops and flops in dimension
three with irreducible exceptional curves of types (-1,-1) and (0,-2) were proved to
induce semi-orthogonal equivalences of the derived categories, while, in the case of simple
higher dimensional flips, a semi-orthogonal decomposition was verified. Nevertheless,
the program have encountered substantial technical difficulties and still remains to be a
challenge.
This paper aims at better understanding of the behaviour of the derived categories
under flop transformations. It was mentioned by the authors of [BO02] that the functor
that provides an equivalence Db(X) → Db(X+), where X and X+ are related by flop,
when composed with similar functor Db(X+)→ Db(X) , is not the identity but produces
a non-trivial auto-equivalence of Db(X)(now called flop-flop functor). For the case when
the exceptional curve C is P1 smoothly embedded into a threefold with the normal bundle
OC(−1)⊕OC(−1), the functor is given by what is now known as the spherical twist with
respect to the spherical object OC(−1). It was probably one of the first appearance of the
spherical twists (though we should also mention here the work of S. Kuleshov [Kul90] who
used the action of spherical twists in the non-derived version on the moduli of sheaves on
K3 surfaces. Quick generalization to Calabi-Yau/derived case was understood by authors
of [BO02] in those days of sturm und drang on derived categories in Moscow in early
90’s). M. Kontsevich proposed that the spherical twist related to (−1,−1)-flop should be
transferred by mirror symmetry into the equivalence of the Fukaya category induced by
Dehn twist along a vanishing cycle. Properties of spherical twists with respect to spherical
objects were later scrutinized by P. Seidel and R. Thomas in [ST01].
For the case of a flop with center in a (0,−2)-curve C on a threefold X , Y. Toda
in [Tod07] proposed an interpretation of the flop-flop functor as a spherical twist with
respect to the spherical functor Db(mod−A)→ Db(X), where A = k[x]/xn. He also gave
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an interpretation for SpecA as the moduli of deformations of the object OC(−1), which
is no longer spherical. This idea was further developed by W. Donovan and M. Wemyss.
In [DW13] a flopping contraction of a general irreducible curve C on a threefold X was
considered. Under the assumption that Y is affine, derived category of X is equivalent
to the derived category of modules over an algebra AX (cf. Proposition 4.5). A quotient
of AX by an ideal Icon is proved to represent non-commutative deformations of OC(−1).
W. Donovan and M. Wemyss prove that Tcon := RHomAX (Icon,−) is an auto-equivalence
obtained from the equivalence between Db(X) and Db(X) constructed by M. Van den
Bergh. In a subsequent paper [DW15], the authors considered the case of a reducible C
on a threefold X and described the relations between auto-equivalences T for flops with
centers in different irreducible components of C.
The purpose of the present paper is to study the algebra of functors and functorial
morphisms that naturally arise from the geometry of flops when dimension of fibers for
the flopping contractions is bounded by one. We find that the flop-flop functor in this
situation has a presentation as a spherical cotwist for the suitable spherical functor in
the derived null-category for the flopping contraction f . The shift by two of the flop-flop
functor is also a cotwist but for another spherical functor, which is the composite of the
derived pushforwards for f and for the embedding of the base into a smooth variety.
Spherical (co)twists provide a unification for various non-trivial auto-equivalences of
Db(X) such as tensor products with line bundles, twists around spherical objects [ST01],
EZ-twists [Hor05] or windows shifts [DS14] (cf. [Add14]). A presentation of an auto-
equivalence Φ of Db(X) as a twist associated to a spherical functor D1 → D
b(X) sheds
light on the structure of Φ coming from the geometric or algebraic description of the
category D1.
The fiber product of X and X+ allows us to interpret the first spherical functor in
terms of spherical pairs, thus endowing the first spherical functor and the derived null-
category with more geometric description.
We also develop a relevant categorical version of the deformation theory for objects in
an abelian category and show that the abelian null-category has a natural interpretation
as the ind-representing category for the deformation functor.
This requires systematic work with functors and natural transformations as objects in
the homotopy category of DG functors.
Now we describe our results in more detail.
The flop functor and Van den Bergh’s functor. We consider the diagram, for
flopping contractions f , f+ with fibers of relative dimension bounded by one. Exceptional
loci of f and f+ are assumed to have codimension greater than one in X , respectively in
X+. Varieties X , X+ and Y are Gorenstein and Y has canonical hypersurface singularities
of multiplicity two.
X ×Y X+
p
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tt
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Morphisms p, p+ are the projections on the factors. The flop functor is then
F = Rf+∗ Lf
∗ : Dqc(X)→ Dqc(X
+).
We should note that this functor not necessarily induces an equivalence if the dimension
of fibers of f is greater than one (see [Nam04]), which means that the functor needs an
adjustment when fibers of the morphism have higher relative dimension.
Our assumptions on the flop contraction (see below) are those adopted by M. Van
den Bergh in [VdB04]. In fact, we use also some technics borrowed from his work. M.
Van den Bergh constructed an equivalence Σ: Db(X)
≃
−→ Db(X+) which, in fact, differs
from the flop functor and which is given via the identification of both categories with the
derived category of modules over a sheaf of non-commutative algebras on Y . We first give
a new interpretation for functor Σ. To this end, we identify Db(X) with Hot−,b(P−1),
the homotopy category of complexes of projective objects P−1 in the heart
−1Per(X/Y )
of the perverse t-structure, introduced by T. Bridgeland in [Bri02]. We show that Σ can
be defined as the functor f+∗f∗(−)∨∨ applied term-wise to complexes of objects in P−1
and give an independent proof that it is an equivalence and that it can be extended to an
equivalence Σ˜ between unbounded categories of quasi-coherent sheaves.
Then we show that the flop functor is given in the same way by the term-wise
application of the functor f+∗f∗(−). To this end, we need one of the technical innovations
of our paper, the L1f ∗f∗ vanishing for objects in P−1. More precisely, we prove (Lemma
3.5) that if f : X → Y is a flopping contraction, then the sheaf L1f ∗f∗M is zero, for any
M∈ P−1. The proof of L1f ∗ vanishing is based on a local presentation of Y as a divisor
in a smooth variety Y . Note that, since Y is singular, object Lf ∗f∗M in general has
infinitely many non-zero cohomology sheaves, more precisely, they satisfy 2-periodicity
(see Section 3.3), which is a reminiscent of matrix factorizations [Orl04].
We consider i : Y → Y that embeds Y as a divisor into a smooth Y and the composites
g = i ◦ f , g+ = i ◦ f+. If the base Y of the flopping contraction is affine, then flop functor
F and the Van den Bergh’s equivalence Σ˜ fit into a distinguished triangle in the homotopy
category of DG functors between DG enhancements for Dqc(X) and Dqc(X
+):
Σ˜[1]→ Lg+∗Rg∗ → F → Σ˜[2]. (1)
Since both Lg+∗Rg∗ and Σ˜ take Db(X) to Db(X+), it follows that the flop functor also
preserves the bounded derived categories.
We show in Proposition 4.16 that the equivalence Σ˜ is actually the inverse of the flop
functor
F+ = Rp∗Lp
+∗ : Dqc(X
+)→ Dqc(X).
This implies that flop functors F and F+ yield (not mutually inverse) equivalences between
Db(X) and Db(X+). Following an argument of Chen [Che02], we generalize this statement
to the case when base Y is quasi-projective (see Section 4.5).
The flop-flop functor. Then we study the composite F+F , the ‘flop-flop’ functor. First,
we show that under the equivalence Db(X) ≃ Hot−,b(P−1), the flop-flop functor is the
term-wise extension of f ∗f∗(−)|P−1 .
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Applying F+ to triangle (1) yields an exact triangle
Id[1]
η
−→ Lg∗Rg∗ → F
+F → Id[2] (2)
in the homotopy category of DG endo-functors of the DG enhancement for Dqc(X).
Restriction of this triangle to the bounded category of coherent sheaves together with
isomorphism Lg∗[−1] ≃ g! of functors Db(Y)→ Db(X) gives a triangle
F+F [−2]→ IdDb(X)
η[−1]
−−−→ g!Rg∗ → F
+F [−1] (3)
where η[−1] is the unit of Rg∗ ⊣ g
! adjunction (see Proposition 5.5). This means that
functor Rg∗ is spherical and the above triangle realises shifted flop-flop functor F
+F [−2]
as the spherical cotwist (see Appendix B.3 for details). For the case of the standard
Atiyah 3-dimensional flop, this phenomenon was noticed in [DS14].
One of the original motivations of our work was to recover the importance in the
categorical study of flops of the null category of f , defined as:
Af = {E ∈ Coh(X) |Rf∗E = 0}.
Category Af admits a projective generator P, which is obtained from Van den Bergh’s
projective generator M for the perverse heart −1Per(X/Y ) by a projection to the null-
category (see Proposition 2.3). The canonical embedding Af → Coh(X) gives functor
Ψ: Db(Af)→ D
b(X).
We show that functor Ψ has a right adjoint
Ψ! : Db(X)→ Db(Af).
We also introduce functor Λ which is the ‘cohomology of a monad of functors’, or,
more precisely, the functor representing the (twisted) complex of functors
Id[1]
η
−→ Lg∗Rg∗
ε
−→ Id
Here, morphism η is given by triangle (2) and ε is the Lg∗ ⊣ Rg∗ adjunction unit. Functor
Λ is self-adjoint up to shift and, we believe, is of independent interest. We show that
the composite Ψ ◦ Ψ! is identified with Λ (Lemma 6.6). We prove a theorem claiming
(Theorem 6.7, Corollary 6.9) that, for a flopping contraction f : X → Y with affine Y ,
functor Ψ: Db(Af)→ Db(X) is spherical. The associated spherical twist Db(X)→ Db(X)
is the inverse (F+F )−1 of the flop-flop functor. We also show that the spherical cotwist
Db(Af) → Db(Af) associated to Ψ is the shift IdDb(Af )[−4] of the identity functor (see
Corollary 6.8).
Spherical pairs. We show that flops nicely fit the idea of M. Kapranov and V.
Schechtman [KS14] that spherical functors are related to schobers, categorifications of
perverse sheaves on a punctured disc. One of incarnations of a schober is a spherical pair,
i.e. a pair of subcategories in a triangulated category, satisfying conditions that imply a
spherical functor between them.
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We again consider a flopping contraction f : X → Y with affine Y and a projective
generator P for Af . Functor p∗ induces an isomorphism of endomorphism groups of
P ∈ Af and of the sheaf p∗P ∈ X ×Y X+. Moreover, Ext
i
X×Y X+
(p∗P, p∗P) = 0, for i > 0
(see Proposition 7.3). We conclude that there exists a fully faithful functor D(Af) →
Dqc(X ×Y X+).
We consider the subcategory
Kb = {E ∈ Db(X ×Y X
+) |Rp∗(E) = 0, Rp
+
∗ (E) = 0}
and the quotient Db(X ×Y X+)/Kb. Functor Lp∗ : Db(X) → D−(X ×Y X+) when
composed with the quotient functor D−(X ×Y X+) → D−(X ×Y X+)/K− gives a fully
faithful functor
L˜p∗ : Db(X)→ Db(X ×Y X
+)/Kb.
We prove a semi-orthogonal decomposition (see [Bon89]):
Db(X ×Y X
+)/Kb = 〈Db(Af+), L˜p
∗Db(X)〉. (4)
As a result, we obtain a geometric description of the category Db(Af+):
Db(Af+) ≃ {E ∈ D
b(X ×Y X
+) |Rp∗(E) = 0}/K
b.
The roles of X and X+ in (4) can be exchanged, hence both Db(Af) and Db(Af+) can be
presented as left admissible subcategories of Db(X ×Y X+)/Kb.
We prove that (Db(Af), D
b(Af+)) is a spherical pair, see Section 7. This implies the
existence of the functor Ψ∗ : Db(X)→ Db(Af), which is also spherical.
Contraction algebra. If the base of a flopping contraction f : X → Y is a spectrum
of a complete Noetherian local ring R, the fiber C of f over the unique closed point of
Y has n irreducible rational components C1, . . . , Cn. Then the category
−1Per(X/Y ) has
n + 1 irreducible projective objects M0, . . . ,Mn, with M0 ≃ OX , see [VdB04]. Sheaves
Pi := ker(f ∗f∗Mi → Mi) are irreducible projective objects in Af and
⊕n
i=1Pi is a
projective generator for Af .
Using functors Ψ and Ψ! we prove that the endomorphism algebra
AP = HomAf (
n⊕
i=1
Pi,
n⊕
i=1
Pi)
is isomorphic to the contraction algebra, which is defined as the quotient of
HomX(
⊕n
i=0Mi,
⊕n
i=0Mi) by the subspace of morphisms that factor via direct sums
of copies of OX , see Theorem 8.1. This theorem relates our work to the results of
W. Donovan and M. Wemyss [DW13], where contraction algebras were considered for
a flopping contraction of threefolds with an irreducible fiber over the unique closed point
of Y .
Categorification of non-commutative deformation. In the last section we describe
a categorical point of view on non-commutative deformation theory, which we hope is
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of independent interest. Infinitesimal deformation theory of objects of various nature
is governed by the so-called deformation functor on the category of commutative local
Artinian algebras with values in the category of sets [Sch68]. The theory of non-
commutative infinitesimal deformations is based on the idea of replacing Artinian algebras
by the category of non-commutative Artinian algebras [Lau02]. The version of the
theory that covers non-commutative deformations of n objects was also developed [Lau02],
[Eri10], where Artinian algebras are replaced by n-pointed algebras.
Our proposal is to replace the category of n-pointed algebras by the category Finn of
finite length categories with n simple objects and with suitable finiteness conditions on
Hom and Ext groups and possessing a projective generator. Morphism in this category are
isomorphism classes of exact functors that take simple objects to simple. We also consider
a bigger category F˜inn, which plays the role of ind-representing objects for deformation
functors.
Theorem 9.3 claims that the category Finn is opposite to the category Basn of basic
unital finite dimensional k algebras such that A/radA ≃ kn together with a linear order
on the set of n pairwise different morphisms αi : A→ k. Morphism in Basn are conjugacy
classes of homomorphisms ϕ : A→ A′ satisfying α′i ◦ϕ = αi. Here, we say that ϕ, ψ : A→
A′ are conjugate if there exists an invertible u ∈ A′ such that ϕ = uψu−1.
It happens that our categorified deformation theory suits better to deformations of
objects in an abelian category. Keeping in mind our applications, we deform coherent
sheaves instead of objects in an arbitrary abelian category, though extension of the theory
to the general case should not cause any problem. We prove that the deformation functor
of any simple collection of coherent sheaves is ind-representable by a suitable category in
F˜inn.
In the context of flops, we apply this theory to non-commutative deformations of the
collection {OCi(−1)}. We first establish that OCi(−1)’s are exactly simple objects in the
category Af when the base Y of the flopping contraction is the spectrum of a complete
local ring. With Proposition 9.14 and Theorem 9.15, we show that, if C ⊂ X is the fiber
over the unique closed point of Y , the category
Af,C = {E ∈ Coh(X) |Rf∗(E) = 0, SuppE ⊂ C}
is an object of F˜inn. If both X and Y are of dimension three, then Af,C ≃ Af ∈ Finn.
Theorem 9.16 claims that category Af,C ind-represents non-commutative deformation
functor ncDefOC1(−1),...,OCn(−1)
: Finoppn → Sets.
This is a categorification and generalisation to higher dimension of a result in [DW13]
which states that, if the fiber C over the unique closed point of Y is isomorphic to P1,
then the contraction algebra is the algebra of non-commutative deformations of OC(−1).
There are four Appendices attached to the main body of the paper.
Appendix A. It is an extract of some properties of the functor f !, right dual to Rf∗,
and the Grothendieck duality.
Appendix B.We describe DG enhancements for the category of DG functors. This allow
us to consider exact triangles and cones of morphisms in a suitable triangulated category of
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functors. Also, we interpret objects in the derived category of the product of two varieties
as a category of integral kernels for functors between the derived categories of these
varieties. With this interpretation, the convolution of objects on the product corresponds
to composition of functors. Formula (101) provides us with the DG enhancement for the
right adjoint to a functor given by an integral kernel with support proper over one of the
varieties. In the same Appendix B we also recall definition of a spherical functor.
Appendix C. This appendix is devoted to the description of the reduced fiber of a
flopping contraction f : X → Y with fibers of relative dimension bounded by one over a
closed point of Y .
Appendix D. Here we show that cohomology of an appropriate complex allow us to
calculate morphisms in the derived category of an abelian category between bounded
above complexes with bounded cohomology.
Notations. We denote by k an algebraically closed field of arbitrary characteristic. For
a k scheme X , by Coh(X), respectively QCoh(X), we denote the category of coherent,
respectively quasi-coherent, sheaves on X .
For an abelian category A, we denote by Db(A), respectively D(A), the bounded,
respectively unbounded, derived category of A. In case of categories Coh(X) and
QCoh(X) we shorten the notation to Db(X) = Db(Coh(X)) and Dqc(X) = D(QCoh(X)).
For a k algebra A, we denote by Mod–A the abelian category of right A modules and
by modfd–A the category of finitely dimensional right A modules. If A is Noetherian, by
mod–A we denote the category of finitely generated right A modules.
For a coherent sheaf E on X , by Tor0(E) we denote the maximal subsheaf of E with
a zero-dimensional support.
For an abelian category A, by Perf(A) we denote the full triangulated subcategory
of Db(A) consisting of objects that are quasi-isomorphic to finite complexes of projective
objects in A. By Perf(X) we denote the category of perfect complexes on X , i.e. objects
of Db(X) which are quasi-isomorphic to finite complexes of locally free sheaves.
For a t-structure (T≤0, T≥0) on a triangulated category T with heart A = T≤0 ∩ T≥0
and an object T ∈ T , we denote by HiA(T ) the i-th cohomology of T with respect to the
t-structure (T≤0, T≥0). Truncation functors are denoted by τA≥i and τ
A
≤i. If T = Dqc(X)
or Db(X) with the standard t-structure with heart Coh(X), we shorten the notation to
HiX(T ), τ
X
≥i and τ
X
≤i respectively.
Throughout the paper we put various conditions on varieties X and Y , which we
always assume to be normal, and on morphism f : X → Y . We work under one of the
following assumptions:
• (p) f : X → Y is a projective birational morphism of relative dimension one of
quasi-projective Gorenstein varieties of dimension n ≥ 3. The exceptional locus of
f is of codimension greater than one in X . Variety Y has canonical hypersurface
singularities of multiplicity two.
• (a) The same as in (p). We further assume that variety Y is affine and is embedded
as a principal divisor in a smooth variety Y of dimension n+ 1.
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• (c) The same as in (p) with extra assumption that Y = SpecR is a complete local
k-algebra.
Since Y has canonical singularities, Rf∗OX ≃ OY , cf. [Elk81].
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2 The null category Af
For a proper morphism of Noetherian schemes f : X → Y , we consider category Cf ,
defined as the kernel of functor Rf∗ restricted to D
b(X):
Cf = {E
· ∈ Db(X) |Rf∗(E
·) = 0}. (5)
Similarly, we define C−f ⊂ D
−(X) and Cfqc ⊂ Dqc(X). Denote by ιf ∗ : Cf → D
b(X) the
inclusion functor.
Functors Lf ∗ and Rf ∗ can be lifted to DG functors f ∗, f
∗
between DG enhancements
for Dqc(X) and Dqc(Y ), cf. Appendix B.1. A lift f
∗f
∗
→ Id of the adjunction counit to
a morphism of DG functors allows us to define functor
ι∗f : D
−(X)→ C−f ,
left adjoint to ιf∗ : C
−
f → D
−(X) by means of a distinguished triangle
Lf ∗Rf∗ → IdD−(X) → ιf∗ι
∗
f → Lf
∗Rf∗[1] (6)
of functors D−(X) → D−(X). We define the null category of a morphism f to be the
subcategory of coherent sheaves in Cf :
Af = {E ∈ Coh(X) |Rf∗(E) = 0}. (7)
Lemma 2.1. [Bri02, Lemma 3.1] Let X and Y be Noetherian schemes and let f : X → Y
be a proper morphism of relative dimension one. Then E ∈ Cf if and only if HiX(E) ∈ Af ,
for all i ∈ Z. In particular, Af ⊂ Cf is a heart of a bounded t-structure.
Remark 2.2. The standard t-structure on Dqc(X) restricted to
Cfqc = {E
· ∈ Dqc(X) |Rf∗(E
·) = 0}
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was first considered by T. Bridgeland [Bri02] for a projective morphism f : X → Y of
relative dimension one and such that Rf∗(OX) ≃ OY . In this case, category Dqc(X) has a
semi-orthogonal decomposition Dqc(X) = 〈Cfqc,Dqc(Y )〉. The t-structure on C
f
qc with heart
Af [p] can be glued with the standard t-structure on Dqc(Y ). Since functor f ! is needed for
glueing t-structures, one has to consider unbounded derived categories of quasi-coherent
sheaves on X and Y . The heart of the resulted t-structure is the category pPerqc(X/Y )
of perverse sheaves. If p = −1 or p = 0, the t-structures with hearts pPerqc(X/Y ) can
also be described by a tilting of torsion pairs (T−1,F−1), (T0,F0) in category QCoh(X).
The restriction of torsion pairs to category Coh(X) allows us to define abelian categories
pPer(X/Y ) as subcategories of Db(X). Thus, for p = −1, 0,
pPer(X/Y ) = {E ∈ Db(X) | H0(E) ∈ Tp, H
−1(E) ∈ Fp and H
i(E) = 0, for i 6= −1, 0},
where
T0 = {T ∈ Coh(X) |R
1f∗(T ) = 0}, (8)
F0 = {E ∈ Coh(X) | f∗(E) = 0, Hom(Af , E) = 0}, (9)
T−1 = {T ∈ Coh(X) |R
1f∗(T ) = 0, Hom(T,Af) = 0}. (10)
F−1 = {E ∈ Coh(X) | f∗(E) = 0}. (11)
2.1 Projective generator for Af
Let f : X → Y satisfy (a). There exists a vector bundle M on X which is a projective
generator for −1Per(X/Y ), cf. [VdB04, Proposition 3.2.5]. Consider an object in Af :
P = H−1X ι
∗
fM.
We denote by the same latter the coherent sheaf on X which is the image of P under ιf∗.
Proposition 2.3. Sheaf P is a projective generator for the category Af .
Proof. Since the t-structure on Dqc(X) with heart −1Perqc(X/Y ) is glued, functor
ιf∗|Af [1] : Af [1]→
−1Per(X/Y ) is exact. It implies isomorphisms of functors
τX≥−1ιf∗ ≃ τ
Coh(X)[1]
≥0 ιf∗ ≃ τ
−1Per(X/Y )
≥0 ιf∗ ≃ ιf∗τ
Af
≥−1.
It follows that τX≥−1ιf∗ι
∗
fM is isomorphic to ιf∗ ◦
−1ι∗fM, where
−1ι∗f := τ
Af
≥−1 ◦ ι
∗
f :
−1Per(X/Y )→ Af [1]
is the left adjoint functor to the inclusion Af [1]→ −1Per(X/Y ).
Let E be an object of Af . Then ιf∗E[1] ∈ −1Per(X/Y ). Isomorphisms
HomAf (P[1], E[1]) ≃ HomAf (
−1ι∗fM, E[1]) ≃ HomX(M, ιf∗E[1]) 6= 0.
show that there is a non-zero homomorphism P → E.
11
Since ιf∗ is fully faithful, object ι
∗
fM is determined by triangle (6) applied to M:
Lf ∗Rf∗M→M→ ιf∗ι
∗
fM→ Lf
∗Rf∗M[1]. (12)
By [VdB04], R1f∗M vanishes and the morphism f ∗f∗M→M is surjective, which implies
P[1] ≃ τX≥−1ιf∗ι
∗
fM.
Distinguished triangle
τX≤−2ι
∗
fM→ ι
∗
fM→ P[1]
implies the inclusion
Ext1X(P[1], E[1]) →֒ Ext
1
X(ι
∗
fM, E[1]),
because, for degree reason, Hom(τX≤−2ι
∗
fM, E[1]) = 0. Space Ext
1
X(ι
∗
fM, E[1]) =
Ext1X(M, ιf∗E[1]) is trivial, because M is a projective object in
−1Per(X/Y ). Therefore,
Ext1X(P, E) ≃ Ext
1
X(P[1], E[1]) ≃ 0.
Triangle (12) gives a cohomology sequence
0→H−1X (ιf∗ι
∗
fM)→ f
∗f∗M→M→H
0
X(ιf∗ι
∗
fM)→ 0.
Since by [VdB04, Lemma 3.1.3] morphism f ∗f∗M→M is surjective, sequence
0→ P → f ∗f∗M→M→ 0 (13)
is exact in Coh(X).
Let f : X → Y satisfy (c). The reduced fiber C =
⋃n
i=1Ci of f over the unique closed
point y ∈ Y is a tree of rational curves, see more precise statement in Theorem C.1. By
[VdB04, Lemma 3.4.4] there exist effective Cartier divisors Di ⊂ X such that
Di ∩ Cj = δij . (14)
Denote by Li line bundles
Li ≃ OX(Di). (15)
For every i, M. Van den Bergh constructs a vector bundle Mi:
0→ Ori−1X →Mi → Li → 0 (16)
which corresponds to a choice of generators of Ext1(Li,OX) as an R-module. Denote by
M0 the structure sheaf of X . By [VdB04, Proposition 3.5.4], vector bundle
M =
n⊕
i=0
Mi
is a projective generator for −1Per(X/Y ).
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We put
Pi = H
−1
X ι
∗
fMi. (17)
By Proposition 2.3, sheaf P =
⊕n
i=1Pi is a projective generators for Af .
Example. Let X be a smooth threefold, C ≃ P1 ⊂ X the reduced exceptional fiber of
a flopping contraction f : X → Y with Y = SpecR, for a complete Noetherian local ring
R. Then the normal bundle NX/C is isomorphic either to OC(−1)⊕OC(−1), OC⊕OC(−2)
or to OC(1) ⊕ OC(−3). Let D ⊂ X be a divisor such that D.C = 1. For the first two
cases of the normal bundle, M ≃ OX ⊕ OX(D), and it is of higher rank, for the third
case. If NX/C ≃ OC(−1) ⊕ OC(−1), the projective generator P is OC(−1). For a (-2)
curve, P is an n-iterated extension of OC(−1) by OC(−1), where n is the width of C, see
[Rei83] (cf. [Tod07]).
2.2 Basic properties of Af
Let f : X → Y be a birational morphism of relative dimension one such that Rf∗OX = OY
and let E be a coherent sheaf on Y . By the derived projection formula, we have
Rf∗Lf
∗(E) ≃ E. Since f is of relative dimension one, Leray spectral sequence
Rpf∗L
qf ∗(E)⇒ Hp−qX E degenerates. Hence, sequence
0→ R1f∗L
1f ∗E → E → f∗f
∗E → 0 (18)
is exact.
Lemma 2.4. Let f : X → Y and E be as above. Then R1f∗f ∗E = 0 and Rf∗Lif ∗E = 0,
for any i > 1. Suppose further that E has no torsion supported at the image f(Ex f) of
the exceptional locus of f . Then f∗f
∗(E) ≃ E and sheaf L1f ∗E is in Af .
Proof. The derived projection formula Rf∗Lf
∗E ≃ E and Leray spectral sequence
Rpf∗L
qf ∗(E)⇒ Hp−qX E imply that that R
1f∗f
∗E ≃ 0, f∗L1f∗E ≃ 0 and Rf∗Lif ∗E ≃ 0,
for any i > 1. Since R1f∗L
1f ∗E is supported on f(Ex f), the assumption that E has
no torsion supported on f(Ex f) and sequence (18) imply that R1f∗L
1f ∗E is zero and
E ≃ f∗f ∗E.
Lemma 2.5. Let f : X → Y and E be as above. If E = f∗E ′, for some E ′ ∈ Coh(X),
then f∗f
∗(E) ≃ E and sheaves Lif ∗E are in Af , for i > 0.
Proof. Sequence (18) implies that morphism α : f∗E
′ → f∗f ∗f∗E ′ is surjective. Morphism
α is the inclusion of a direct summand, because its composition with the canonical map
f∗f
∗f∗E
′ → f∗E ′ is the identity. Hence, α is an isomorphism. Exact sequence (18) implies
that R1f∗L
1f ∗f∗E
′ = 0. The rest follows from Lemma 2.4.
Proposition 2.6. Let f : X → Y be a morphism of relative dimension one and let
X
g
  ❅
❅❅
❅❅
❅❅
❅
f

Z
h~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
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be a decomposition of f into morphisms g and h also of relative dimension one. Then
functor g∗ : Af → Ah is exact.
Proof. Let E be an object inAf . Complex Rg∗(E) is an object in Ch, henceH1Z(Rg∗(E)) =
R1g∗(E) lies in Ah. Sheaf R
1g∗(E) is supported in the locus of points z ∈ Z such that
the fiber of morphism g over z is one dimensional. Since the null category of an affine
morphism is zero, map h : Z → Y restricted to the support of R1g∗(E) must be of relative
dimension one. Let y ∈ Y be a point in h(SuppR1g∗(E)). Then the fiber of f over
y is two-dimensional, which contradicts the assumptions. Thus, for any E ∈ Af , sheaf
R1g∗(E) is zero, i.e. g∗ : Af → Ah is exact.
Proposition 2.7. Let f : X → Y be a proper morphism of relative dimension one and
g : Z → Y an arbitrary morphism of schemes of finite type over a field k. Let coherent
sheaf E on X satisfy Rlf∗E = 0, for l ≥ l0, where l0 ∈ {0, 1} is fixed. Then RlπZ∗π∗XE =
0, for l ≥ l0, where πX : W → X and πZ : W → Z are the projections for W = X ×Y Z.
Proof. The statement is local on Z, hence we may assume that Z = Spec(A), Y = Spec(R)
and morphism g : Z → Y is affine. Thus, we consider a fibred square
X ×Y Z
πX //
πZ

X
f

Z
g // Y
(19)
with g and πX affine.
The commutativity of (19) implies R(fπX)∗π
∗
XE ≃ R(gπZ)∗π
∗
XE. Morphism g and
πX are affine, hence we have an isomorphism R
lf∗(πX∗π
∗
XE) ≃ g∗R
lπZ∗(π
∗
XE), for any
l ≥ 0. Morphism g is affine, thus g∗R
lπZ∗(π
∗
XE) is zero if and only if so is R
lπZ∗(π
∗
XE).
Hence, we need to show that Rlf∗(πX∗π
∗
XE) = 0, for l ≥ l0.
Morphism πX is affine, hence πX∗π
∗
XE ≃ E⊗πX∗(OX×Y Z). The base change morphism
(cf. (41)) f ∗g∗OZ → πX∗OX×Y Z is an isomorphism. Indeed, this can be checked locally on
X : if X = Spec(B), then both sheaves πX∗OX×Y Z and f
∗g∗OZ correspond to B-module
B ⊗R A. Thus,
πX∗π
∗
XE ≃ E ⊗ f
∗g∗OX ≃ H
0
X(E ⊗
L Lf ∗g∗OZ).
Derived projection formula Rf∗(E ⊗L Lf ∗g∗OZ) ≃ Rf∗(E) ⊗L g∗OZ implies that
Rf∗(E ⊗
L Lf ∗g∗OZ) ∈ D(Y )
<l0 . Morphism f is proper and of relative dimension one,
hence Rpf∗(F ) = 0, for p > 1 and for any sheaf F . It follows that spectral sequence
Rpf∗H
q
X(E ⊗
L Lf ∗g∗OZ)⇒ R
p+qf∗(E ⊗
L Lf ∗g∗OZ)
degenerates. Therefore, Rlf∗(πX∗π
∗
XE) ≃ R
lf∗H0X(E ⊗ Lf
∗g∗OZ) = 0, for l ≥ l0.
Corollary 2.8. Let f : X → Y and g : Z → Y be as in Proposition 2.7. For an object
E in Af , its pull-back π
∗
XE is an object in AπZ , where, as before, πX : W → X and
πZ : W → Z are the projections for W = X ×Y Z.
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3 L1f∗ vanishing and periodicity
Let now X and Y be quasi-projective Gorenstein varieties of dimension n. We assume
that Y has canonical hypersurface singularities of multiplicity two. We assume that f is
of relative dimension one and the exceptional locus of f has codimension greater than one
in X .
Let f : X → Y satisfy (p). For p = −1, 0, we denote by Pp the category of locally
projective objects in pPer(X/Y ). An objectM belongs to Pp if there exists an affine open
covering Y =
⋃
Yi such that M|Xi is projective in
pPer(Xi/Yi), where Xi := f
−1(Yi). By
[VdB04, Proposition 3.2.6] objects in P−1 and P0 are locally free sheaves on X . When
morphism f satisfies (a), Pp denotes the category of projective objects in
pPer(X/Y ).
In this section we prove that, for an element M ∈ P−1, the sheaf L1f ∗f∗M is zero.
Though technical, this result is crucial for the various description of the flop and flop-flop
functors presented in the subsequent sections.
3.1 An exact triangle of functors on Y
The question is local in Y , therefore throughout this section we assume that Y = Spec(R)
is affine and that there exists a closed embedding i : Y → Y to a smooth affine Y of
dimension greater by one than the dimension of Y . Denote by g the composite of f and
i, i.e consider a commutative diagram
X
g
  ❆
❆❆
❆❆
❆❆
❆
f

Y
i // Y .
We describe the composite Li∗i∗.
Proposition 3.1. Let f : X → Y satisfy (a). Then the Li∗ ⊣ Ri∗ adjunction counit fits
into a distinguished triangle of functors
IdDqc(Y )[1]→ Li
∗i∗ → IdDqc(Y ) → IdDqc(Y )[2] (20)
in the homotopy category of DG functors between DG enhancements for Dqc(Y ).
Proof. Let Γ ⊂ Y × Y denote the graph of the inclusion i : Y → Y and Γt ⊂ Y × Y the
image of Γ under the exchange of factors Y ×Y → Y × Y . The integral kernel of functor
Li∗i∗ : Db(Y )→ Db(Y ) is given by
K = RπY Y ∗(OΓ×Y ⊗
L OY×Γt),
where πY Y : Y ×Y ×Y → Y ×Y denotes the projection to the first and the third factors.
We denote by Z the product Y ×Y × Y and by D = Y × Y × Y the divisor in Z. We
put A = Γ× Y , B = Y × Γt. Both A and B are closed subschemes of D. Then
OΓ×Y ⊗
L OY×Γt ≃ OA ⊗
L OB ≃ iDZ∗iBD∗Li
∗
BDLi
∗
DZiAZ∗OA
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and
K ≃ RπY Y ∗(iAZ∗OA ⊗
L iBZ∗OB) ≃ Rπ
D
Y Y ∗iBD∗Li
∗
BDLi
∗
DZ iAZ∗OA ≃
RπDY Y ∗(Li
∗
DZiAZ∗OA ⊗
L
D iBD∗OB).
Here, iAZ : A→ Z, iBZ : B → Z, iBD : B → D, iDZ : D → Z denote the closed embeddings
and πDY Y : Y × Y × Y → Y × Y is the projection to the first and the third factors.
Since Y ⊂ Y is a principal divisor, we have a resolution OZ → OZ → iDZ∗OD. It
implies that object iAZ∗OA⊗
L
Z iDZ∗OD has two cohomology sheaves, in degree minus one
and zero, both isomorphic to iAZ∗OA = iDZ∗iAD∗OA. Isomorphism iDZ∗Li
∗
DZiAZ∗OA ≃
iAZ∗OA ⊗LZ iDZ∗OD yields a distinguished triangle
iDZ∗iAD∗OA[1]→ iDZ∗Li
∗
DZ iAZ∗OA → iDZ∗iAD∗OA → iDZ∗iAD∗OA[2].
Morphism iDZ is a closed embedding, hence triangle
iAD∗OA[1]→ Li
∗
DZiAZ∗OA → iAD∗OA → iAD∗OA[2] (21)
is distinguished on D. By construction, A ⊂ Y × Y × Y is isomorphic to ∆ × Y , where
∆ ⊂ Y × Y denotes the diagonal. Similarly, B ≃ Y ×∆ ⊂ Y × Y × Y . This implies that
RπDY Y ∗(iAD∗OA ⊗
L iBD∗OB) ≃ O∆. Hence, by applying functor RπDY Y ∗((−) ⊗
L iBD∗OB)
to (21), we obtain a distinguished triangle
O∆[1]→ K → O∆ → O∆[2]
in Db(Y × Y ). By Appendix B.1, the above triangle yields a distinguished triangle (20)
of kernel functors Dqc(Y )→ Dqc(Y ).
3.2 L1f ∗ vanishing and consequences
Let morphism f : X → Y satisfy (c). We will show that L1f ∗f∗Mi = 0 and that this is
equivalent to an isomorphism
H0−1Per(Lf
∗f∗Mi) ≃ f
∗f∗Mi.
First, we show that f ∗f∗Mi is an object in −1Per(X/Y ).
Lemma 3.2. Let E be a coherent sheaf on Y . Then f ∗E is an object in pPer(X/Y ), for
p = −1, 0. If moreover E is locally free and morphism f satisfy (a), then f ∗E is an object
in Pp, for p = −1, 0.
Proof. We have Coh(X) ∩ 0Per(X/Y ) = T0 and Coh(X) ∩
−1Per(X/Y ) = T−1, for
categories T0 and T−1 defined in (8) and (10) respectively.
Let E be a coherent sheaf on Y . By Lemma 2.5, sheaf R1f∗f
∗E is zero, hence f ∗E is
an object in 0Per(X/Y ). From adjunction
HomX(f
∗E,Af) ≃ HomY (E, f∗Af) ≃ 0,
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it follows that f ∗E lies also in −1Per(X/Y ).
Now we assume further that E is locally free and Y is affine. Let E ′ be any object in
pPer(X/Y ), for p = −1, 0. Then
Ext1X(f
∗E,E ′) ≃ Ext1X(Lf
∗E,E ′) ≃ Ext1Y (E,Rf∗E
′).
Because Rf∗ is exact for the perverse t-structures on Db(X), object Rf∗E ′ is a coherent
sheaf on Y . Since E is locally free and Y is affine, Ext1Y (E,Rf∗E
′) ≃ 0, i.e. f ∗E is
projective in pPer(X/Y ).
The following lemma is one of the key technical points of this paper.
Lemma 3.3. Let f : X → Y satisfy (c) and Di ⊂ X be as in (14). Then L1f ∗f∗ODi ≃ 0.
Proof. Let ιi : Di → X denote the embedding of Di into X . We denote by h the
composition h = ifιi : Di → Y .
By Grothendieck duality (99), we have
ExtiY(Rh∗ODi,OY) ≃ Rh∗Ext
i
Di
(ODi , h
!OY) ≃ Rh∗H
i
Di
(h!OY).
Divisor Di is Cartier in a Gorenstein scheme, hence it is Gorenstein itself. Since Y is
smooth and a spectrum of a complete ring, we have ω·Y ≃ OY [n + 1]. It follows that
h!OY = h
!ω·Y [−n− 1] = ωDi[−2] is a sheaf in homological degree 2. Since, morphism h is
finite, h∗ is exact and Rh∗HiDi(h
!OY) ≃ h∗HiDi(h
!OY). Hence,
ExtiY(h∗ODi,OY) = 0, for i 6= 2.
Since Y is affine, ExtiY(h∗ODi ,OY) = 0, for i 6= 2. Hence, projective dimension of
h∗ODi as an OY module equals two. In other words, h∗ODi has a locally free resolution
0→ E−2 → E−1 → E0 → h∗ODi → 0.
We denote by E· the complex 0 → E−2 → E−1 → E0 → 0. Cohomology of complex
i∗i
∗E· is equal to Tor
Y(h∗ODi ,OY ). Since Y ⊂ Y is a Cartier divisor, OY has a resolution
of length two on Y , i.e. the zeroth and first Tor-group only can be non-zero. As functor
i∗ is exact, we conclude that the morphism i
∗E−2 → i
∗E−1 is injective.
Morphism f is an isomorphism outside a closed subset of codimension greater than
one. Hence, the kernel of f ∗i∗E−2 → f ∗i∗E−1 is supported in codimension greater than
one. Since f ∗i∗E−2 is locally free, it has no torsion, which shows that morphism f ∗i∗E−2 →
f ∗i∗E−1 is also injective, thus complex E˜· := f ∗i∗E· has zero cohomology except forH0X(E˜·)
and H−1X (E˜·).
Let E ⊂ X be the exceptional locus of f . Assume L1f ∗f∗ODi 6= 0. Its support is
contained in E. Moreover, since L1f ∗f∗ODi ∈ Af (see Lemma 2.5), the support of this
sheaf should contain at least one component of the curve in the fiber over the closed point
of Y (see Theorem 9.15 for the description of simple objects in Af and Theorem C.1 for
the structure of the fiber). Therefore, there exists a closed point x ∈ E \Di in the support
of L1f ∗f∗ODi .
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By Proposition 3.1, object i∗E· ≃ Li
∗i∗f∗ODi fits into a distinguished triangle
f∗ODi[1]→ i
∗E· → f∗ODi → f∗ODi [2].
By applying functor Lf ∗ to this triangle, we obtain an exact sequence
f ∗f∗ODi →H
−1
X (E˜·)→ L
1f ∗f∗ODi → 0.
Sheaf f ∗f∗ODi is supported on the preimage of f(Di) ⊂ Y , i.e. on the set E ∪Di. Let us
restrict our attention to the vicinity i˜ : X˜ →֒ X of point x. The support of both sheaves
f ∗f∗ODi and L
1f ∗f∗ODi is contained in E. Therefore, H
−1
X (E˜) is a non-zero sheaf with
support of some codimension l > 1.
Let j : X˜ → X be a closed embedding into a smooth variety of dimension m. We have
ωX˜ ≃ i˜
!f !OY ≃ i˜
!OX ≃ OX˜ , hence Grothendieck duality (99) gives
Ext·X (j∗E˜·, ωX ) ≃ j∗Ext
·
X˜
(E˜·,OX˜ [n−m]).
Complex E˜· consists of three locally free sheaves, thus ExtkX(E˜·,OX) is zero, for k > 2. It
follows that ExtkX (j∗E˜·, ωX ) = 0, for k > m − n + 2. By applying functor Hom
·
X (−, ωX )
to the distinguished triangle
j∗H
−1
X (E˜·)[1]→ j∗E˜· → j∗H
0
X(E˜·)→ j∗H
−1
X (E˜·)[2],
we obtain an isomorphism
ExtkX (j∗H
−1
X (E˜·), ωX )
≃
−→ Extk+2X (j∗H
0
X(E˜·), ωX ), (22)
for any k ≥ m−n+2. Sheaf j∗H
−1
X (E˜·) is non-zero with support of codimension l+m−n ≥
m − n + 2. It follows that sheaf Extl+m−nX (j∗H
−1
X (E˜·), ωX ) is non-zero with support of
codimension l +m− n, cf. [HL10, Proposition 1.1.6].
On the other hand, the codimension of the support of Extl+m−n+2X (j∗H
0
X(E˜·), ωX ) is
greater than or equal to l +m− n + 2, which contradicts (22).
Lemma 3.4. Let f : X → Y satisfy (c), Mi be the projective object in −1Per(X/Y ) as
in (16) and Ni = HomX(Mi,OX) the projective object in 0Per(X/Y ). Then there exist
exact sequences
0→ OriX →Mi → ODi → 0, (23)
0→ Ni → O
ri
X → ODi → 0. (24)
Proof. The sheaf Mi is defined as an extension
0→ Ori−1X →Mi → OX(Di)→ 0.
For any divisorDi one can choose a linearly equivalent divisorD
′
i such that the intersection
Di ∩D′i is empty. Hence, ODi(Di) ≃ ODi and sequence
0→ OX → OX(Di)→ ODi → 0
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is exact. Since, Ext1(OX ,OX) ≃ 0, we have a commutative diagram with rows and
columns exact sequences
0 // ODi
≃ // ODi
Ori−1X
//
OO
Mi //
OO
OX(Di)
OO
Ori−1X
//
≃
OO
OriX
//
OO
OX .
OO
It gives exact sequence (23). By considering local homomorphisms into the structure sheaf
we obtain sequence (24).
Lemma 3.5. Let f : X → Y satisfy (p). Then the sheaf L1f ∗f∗M is zero, for any
M∈ P−1.
Proof. Statement is local in Y , therefore we might assume that morphism f satisfy (c).
Then M is a direct sum of copies of Mi and OX . Thus, it suffices to verify the lemma
for Mi, as clearly L1f ∗OY = 0.
Since R1f∗OX ≃ 0, applying Rf∗ to sequence (23) gives an exact sequence
0→ OriY → f∗Mi → f∗ODi → 0.
It implies an exact sequence
0→ L1f ∗f∗Mi → L
1f ∗f∗ODi → O
ri
X .
By Lemma 3.3, the sheaf L1f ∗f∗ODi is zero, hence the result.
Lemma 3.6. Let f : X → Y satisfy (p) and let N be a locally projective object in
0Per(X/Y ). Then f ∗f∗N is torsion-free and there is a short exact sequence
0→ f ∗f∗N → N → Q→ 0, (25)
for an object Q locally projective in Af .
Proof. First, we show that f ∗f∗N is torsion free. This can be done locally, i.e. we may
assume that f satisfies (c). By [VdB04, Lemma 3.5.2] sheaf N is a direct sum of copies
of OX and Ni, where Ni are vector bundles dual to Mi.
By [VdB04, Lemma 3.1.2], the sheaf R1f∗Ni is zero. By applying f∗ to sequence (24),
we obtain an exact sequence on Y
0→ f∗Ni → O
ri
Y → f∗ODi → 0.
By applying f ∗, we get
0→ L1f ∗f∗ODi → f
∗f∗Ni → O
ri
X .
It implies that the torsion of f ∗f∗Ni is L1f ∗f∗ODi, which is zero by Lemma 3.3. Hence,
sheaf f ∗f∗Ni is torsion free and the counit morphism f ∗f∗Ni → Ni is an embedding.
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The cokernel of the morphism f ∗f∗N → N is, by the definition of ι
∗
f , isomorphic
to H0X(ι
∗
fN ), hence Q is an object in Af . Let now E be any object in Af . Then E,
considered as an object in Db(X), lies in 0Per(X/Y ), hence Ext1X(N , E) ≃ 0. Moreover,
f ∗ ⊢ f∗ adjunction implies that HomX(f ∗f∗N , E) ≃ 0. Thus, by applying higher derived
functors of HomX(−, E) to sequence (25), we get Ext
1
X(Q, E) ≃ 0, which proves that
Q ∈ Af is indeed a projective object.
Remark 3.7. In the complete local case, applying ι∗f to sequences (23) and (24) and using
the fact that ι∗f (OX) ≃ 0, we get an isomorphism H
0
X(ι
∗
fNi) ≃ H
−1
X (ι
∗
fODi) ≃ H
−1
X (ι
∗
fMi).
The t-structure on Db(X) with heart −1Per(X/Y ) is obtained from the standard
t-structure by a tilt in the torsion pair (T−1,F−1) as in (10) and (11), see [VdB04, Lemma
3.1.2]. Hence, for any F ∈ Db(X), sequence
0→ F−1(H
i−1
X (F ))[1]→ H
i
−1Per(F )→ T−1(H
i
X(F ))→ 0 (26)
is exact in Coh(X), where by T−1(G) and F−1(G) we denote respectively torsion and
torsion-free part of a coherent sheaf G with respect to the torsion pair (T−1,F−1).
Proposition 3.8. Let f : X → Y satisfy (a) andM be a projective object in −1Per(X/Y ).
Then
H0−1Per(Lf
∗f∗M) = f
∗f∗M.
Proof. By Lemma 3.2, f ∗f∗M is an object in Coh(X)∩−1Per(X/Y ), hence T−1(f ∗f∗M) =
f ∗f∗M. Moreover, L1f ∗f∗M = 0 by Lemma 3.5. We conclude by sequence (26).
Remark 3.9. For any locally free sheaf E on Y , we also have an isomorphism
H0−1Per(X/Y )(Lf
∗E) = f ∗E . Indeed, Lf ∗E is isomorphic to f ∗E and the latter is an object
in −1Per(X/Y ), by Lemma 3.2.
We shall use Lemma 3.3 and its corollaries to describe object Lg∗g∗M, for any M in
P−1. First, we prove that sheaf g∗M has a short locally free resolution.
Lemma 3.10. Let morphism f : X → Y satisfy (a) and let g : X → Y be the composite
of f with an embedding i : Y → Y. The sheaves g∗M and g∗N have locally free resolution
of length two, for any M∈ P−1 and N ∈ P0.
Proof. Let M be an object in P−1. Since Y is affine, the length of the locally free
resolution for g∗M is l + 1, for the maximal l such that ExtlY(g∗M,OY) is non-zero.
Thus, the question is local on Y and, by restricting to a smaller affine open subset, we
can assume that ω·Y ≃ OY [n + 1] and ω
·
Y ≃ OY [n]. Then ω
·
X ≃ OX [n], because f
is crepant. Let N = RHomX(M,OX) = HomX(M,OX). It is an object in P0, see
[VdB04, Proposition 3.2.6]. As N is an object in 0Per(X/Y ), we have Rg∗N ≃ g∗N .
Then we have by Grothendieck duality (99):
RHomY(g∗M,OY) ≃ RHomY(Rg∗M, ωY)[−1] ≃ Rg∗RHomX(M, ωX)[−1] ≃ g∗N [−1].
Hence, g∗M is of projective dimension one. Analogously, for N ∈ P0, its dual M =
RHomX(N ,OX) lies in P−1 and RHom(g∗N ,OY) ≃ g∗M[−1].
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Proposition 3.11. Let f : X → Y satisfy (a) and let M be a projective object in
−1Per(X/Y ). Then object Lg∗Rg∗M has cohomology
HiX(Lg
∗Rg∗M) =


M, if i = −1,
f ∗f∗M, if i = 0,
0, otherwise.
The same cohomology are for the t-structure with heart −1Per(X/Y ).
Proof. By Lemma 3.10, sheaf g∗M has a locally free resolution
0→ E−1 → E0 → g∗M→ 0.
By Proposition 3.1, triangle
f∗M[1]→ Li
∗g∗M→ f∗M→ f∗M[2]
is distinguished. As Li∗g∗M is quasi-isomorphic to the complex i
∗E−1 → i
∗E0 (Lemma
3.10), we get an exact sequence
0→ f∗M
α
−→ i∗E−1
β
−→ i∗E0
γ
−→ f∗M→ 0 (27)
on Y .
Let α˜ : M → f ∗i∗E−1 be a morphism which corresponds to α under the sequence of
isomorphisms
HomX(M, f
∗i∗E−1) ≃ HomX(M, f
!i∗E−1) ≃ HomY (Rf∗M, i
∗E−1) ≃ HomY (f∗M, i
∗E−1).
Above, we use the fact that f is crepant, i.e. f !(OY ) ≃ OX , which yields an isomorphism
of functors f !|Perf(Y ) ≃ Lf
∗|Perf(Y ), see Lemma A.1.
Since HomX(P, f
∗i∗E−1) ≃ HomX(P, f
!i∗E−1) ≃ HomY (Rf∗P, i
∗E−1) = 0, sequence
(13) implies that morphism α˜ is a unique morphism such that the composite f ∗f∗M→
M
α˜
−→ f ∗i∗E−1 equals f
∗α. Since morphism f ∗f∗M → M is surjective, it follows from
f ∗β ◦ f ∗α = 0 that the composition f ∗β ◦ α˜ is zero. We consider the complex in degrees
[−3, 0]
C· = { 0→M
α˜
−→ f ∗i∗E−1
β˜
−→ f ∗i∗E0
γ˜
−→ f ∗f∗M→ 0 }, (28)
where β˜ = f ∗β and γ˜ = f ∗γ. In order to prove the proposition, we will show that complex
C· is exact All its terms are coherent sheaves and lie in −1Per(X/Y ), by Lemma 3.2 and
Proposition 3.8.
By applying functor Rf∗ to C
·, we obtain, in view of the projection formula (Lemmas
2.4 and 2.5), exact sequence (27). Morphism f has fibers of relative dimension bounded by
one, hence Rf∗C
· = 0 implies that Rf∗H
i
X(C
·) = 0, for i ∈ Z (see Lemma 2.1). Functor
Rf∗|−1Per(X/Y ) is exact, thus cohomology sheaves of C
· in the −1-perverse t-structure are
also objects in Af .
Since f ∗ is right exact, H−1X (C
·) and H0X(C
·) are both zero. Moreover, since H−3X (C
·)
is an object in Af , it is torsion. Since M is locally free, it has no torsion and we have
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H−3X (C
·) ≃ 0. Thus, C· is an object in C
≤−2
f ∩ C
≥−2
f , which means that cohomology in
−1Per(X/Y ) can be non-zero in degree −1 only. By Proposition 3.8 and Remark 3.9,
sequence
f ∗i∗E−1 → f
∗i∗E0 → f
∗f∗M→ 0
of objects in −1Per(X/Y ) is isomorphic to
H0−1PerLf
∗i∗E−1 →H
0
−1PerLf
∗i∗E0 →H
0
−1PerLf
∗f∗M→ 0. (29)
Functor H0−1Per(X/Y )(Lf
∗(−)) : Coh(Y )→ −1Per(X/Y ) is left adjoint to an exact functor
Rf∗|−1Per(X/Y ) :
−1Per(X/Y ) → Coh(Y ), hence it is right exact. Thus, sequence (29) is
exact. This shows that H−1−1Per(X/Y )(C
·) ≃ 0, which finishes the proof.
Proposition 3.11 implies that triangle
M[1]→ Lg∗g∗M→ f
∗f∗M→M[2] (30)
is distinguished. By Lemma 3.10, object Lg∗g∗M is quasi-isomorphic to a complex
f ∗F−1 → f ∗F0, for some locally free sheaves F−1, F0 on Y . Hence, sequence
0→M→ f ∗F−1 → f
∗F0 → f
∗f∗M→ 0 (31)
is a projective resolution for f ∗f∗M in −1Per(X/Y ), see Lemma 3.2.
Note that short exact sequence (13) and Lemma 3.2 imply that
0→ f ∗f∗M→M→ P[1]→ 0 (32)
is a short exact sequence in −1Per(X/Y ).
3.3 2-periodicity
Proposition 3.12. There exists a morphism Lf ∗ → Lf ∗[2] of functors Dqc(Y ) →
Dqc(X), which, for any E in Db(Y ), is an isomorphism on almost all cohomology sheaves
of Lf ∗(E).
Proof. By applying Lf ∗ to triangle (20), we obtain a morphism Lf ∗E → Lf ∗E[2] with
cone Lf ∗Li∗i∗E[1]. Since Y is smooth, D
b(Y) coincides with the category of perfect
complexes on Y . It follows that the functor Lf ∗Li∗i∗ takes Db(Y ) to Db(X) (even to
Perf(X)), hence, for any E ∈ Db(Y ), there exists l ∈ Z such that Hi(Lf ∗Li∗i∗E) = 0, for
i < l. Then HiLf ∗E ≃ Hi−2Lf ∗E, for any i < l.
Composing triangle of functors (20) with Rf∗ on the right and with Lf
∗ on the left
gives a distinguished triangle
Lf ∗Rf∗[1]→ Lg
∗Rg∗ → Lf
∗Rf∗ → Lf
∗Rf∗[2]. (33)
Object Lg∗g∗M has only two non-zero cohomology sheaves described by Proposition
3.11, for anyM∈ P−1. Then the long exact sequence of cohomology sheaves for triangle
(33) applied to M implies short exact sequence
0→ L2f ∗f∗M→ f
∗f∗M→M→ 0
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and isomorphisms Llf ∗f∗M≃ L
l+2f ∗f∗M, for l ≥ 1. Hence, we have 2-periodicity
Llf ∗f∗M≃
{
P, for even l ≥ 2,
0, for odd l.
(34)
A statement similar to Proposition 3.11 holds for projective object N in 0Per(X/Y ).
To establish this, we, first, need to be able to compare functors g! and Lg∗.
Lemma 3.13. Let f satisfy (a). There exists a morphism
ν : Lg∗[−1]→ g!
of functors Dqc(Y)→ Dqc(X) that gives an isomorphism of functors Db(Y)→ Db(X).
Proof. By Appendix A, we have a morphism
ν : Lg∗(−)⊗ g!(OY)→ g
!(−).
By Grothendieck duality (99), we have:
i∗i
!OY ≃ i∗RHom(OY , i
!(OY)) ≃ RHom(i∗OY ,OY) ≃ i∗OY (Y )[−1].
Since Y ⊂ Y is a principal divisor, sheaf OY(Y ) is isomorphic to OY . As i∗ is exact, we
see that i!OY ≃ OY [−1]. Then, since f is crepant, g!(OY) ≃ f !i!(OY) ≃ f !(OY )[−1] ≃
OX [−1], hence ν : Lg∗[−1]→ g! is a morphism as in the formulation of the Lemma.
By Lemma A.1, νF · is an isomorphism for any F
· ∈ Perf(Y). Since Y is smooth,
Perf(Y) is equivalent to Db(Y), which finishes the proof.
Proposition 3.14. Let f : X → Y satisfy (a) and N be an object in P0. Then object
Lg∗g∗N ≃ Lg∗Rg∗N has cohomology sheaves
HiX(Lg
∗g∗N ) =


N , if i = −1,
f ∗f∗N , if i = 0,
0, otherwise.
Proof. Note, that since N is an object in 0Per(X/Y ), the sheaf R1f∗N ≃ 0. As i∗ is exact,
we also get an isomorphism Rg∗N ≃ g∗N . By Lemma 3.10, sheaf g∗N has a locally free
resolution of length two, hence Lg∗g∗N can have non-zero cohomology sheaves in degree
−1 and 0 only.
By the definition of g = i ◦ f , we have H0X(Lg
∗g∗N ) ≃ g∗g∗N ≃ f ∗f∗N . Lemma
3.13 implies that L1g∗Rg∗N ≃ H
0
Xg
!Rg∗N . The unit morphism Id → g
!Rg∗ gives a
map α : N → L1g∗g∗N . By composing Lf ∗ with the triangle (20) and then applying the
resulted triangle of functors to the object f∗N , we get that L1g∗g∗N is isomorphic to N
outside the exceptional locus of f . This shows that the kernel of α is a torsion sheaf,
hence it is zero, as N is locally free. It thus suffices to check that α is an epimorphism.
Morphism α is defined globally. It is enough to check that it is an isomorphism in the
completions at closed points of Y . Therefore, we assume that morphism f satisfies (c) and
N is a direct sum of copies of Ni and OX . Statement for OX follows from distinguished
triangle
OY [1]→ Li
∗i∗OY → OY → OY [2],
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see Proposition 3.1, and the fact that Lf ∗OY ≃ f
∗OY . Hence, it remains to show that
L1g∗g∗Ni ≃ Ni.
Functor f∗ applied to sequences (23) and (24) gives short exact sequences on Y ,
0→ OriY → f∗Mi → f∗ODi → 0, 0→ f∗Ni → O
ri
Y → f∗ODi → 0,
as R1f∗OX ≃ 0 ≃ R
1f∗Ni. Since Lf
∗OY ≃ OX , by applying Lf
∗ to these sequences and
considering long exact sequence of cohomology, we see that L1f ∗f∗Ni ≃ L2f ∗f∗ODi ≃
L2f ∗f∗Mi ≃ Pi and L2f ∗f∗Ni ≃ L3f ∗f∗ODi ≃ L
3f ∗f∗Mi ≃ 0 (see (34)).
Considering the sequence of cohomology sheaves of triangle (33) applied to N gives
an exact sequence
0→ f ∗f∗Ni → L
1g∗g∗Ni → Pi → 0.
On the other hand, Lemma 3.6 and Remark 3.7 imply that sequence
0→ f ∗f∗Ni → Ni → Pi → 0
is exact. Hence, α is an isomorphism.
Remark 3.15. From Propositions 3.12 and 3.14 it follows that
Llf ∗f∗N ≃
{
Q, for odd l ≥ 1,
0, for even l ≥ 2.
Remark 3.16. Using Proposition 3.14, we construct a projective resolution
0→ N → f ∗E−1 → f
∗E0 → f
∗f∗N → 0 (35)
of f ∗f∗N in 0Per(X/Y ). Here, E−1 and E0 are locally free sheaves on Y such that Li∗g∗N
is quasi-isomorphic to E−1 → E0 (see Lemma 3.10).
Proposition 3.17. Let f : X → Y satisfy (a), M be in P−1 and N in P0. Then there
exist locally free sheaves F−1, F0, E−1, E0 on Y such that
0→M→ f ∗F−1 → f
∗F0 →M→ PM[1]→ 0
0→ N → f ∗E−1 → f
∗E0 → N → PN → 0
are projective resolutions of PM[1] = H
−1
X ι
∗
fM[1] and PN = H
0
Xι
∗
fN respectively in
−1Per(X/Y ) and 0Per(X/Y ).
Proof. Composing resolution (31) with sequence (32) gives the projective resolution for
PM[1] Similarly, resolution (35) and sequence (25) give projective resolution for PN .
4 The flop functor and Van den Bergh’s functor
Let now X , X+ and Y be quasi-projective Gorenstein varieties of dimension n such that
X and X+ are related by a flop over Y . We assume that Y has canonical hypersurface
singularities of multiplicity two. Note that this condition is satisfied if Y has dimension
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three and terminal Gorenstein singularities. We assume that fibers of f have relative
dimension bounded by one and the exceptional locus of f has codimension greater than
one in X . Then morphism f+ satisfies the same conditions.
M. Van den Bergh in [VdB04] proved an equivalence of Db(X) with Db(X+) under
these assumptions.
We consider a diagram
X ×Y X+
p+
%%❑❑
❑❑
❑❑
❑❑
❑❑
p
zztt
tt
tt
tt
tt
X
f
%%❑
❑❑
❑❑
❑❑
❑❑
❑❑
X+
f+yyrrr
rr
rr
rr
rr
Y
(36)
and the flop functor
F = Rp+∗ Lp
∗ : D−(X)→ D−(X+). (37)
Later we will show that F induces the inverse of the equivalence of Db(X) with Db(X+)
constructed by M. Van den Bergh. First, we give an alternative description of the flop
functor and the functor considered in [VdB04] under an extra assumption that Y is affine.
4.1 An alternative description of Van den Bergh’s functor
Recall that a sheaf F is normal when, for any open sets U ⊂ V such that codimension of
V \U in V is greater than one, the restriction morphism F (V )→ F (U) is an isomorphism.
Lemma 4.1. Let X be a normal Noetherian scheme. A sheaf F on X is reflexive if and
only if it is torsion-free and normal.
Proof. Let F be a reflexive sheaf. By dualising a resolution
OmX → O
l
X → F
∨ → 0
we obtain an exact sequence
0→ F → OlX → O
m
X .
Thus, F is a subsheaf of OlX , hence it is torsion-free. Normality of X implies that, for
any open sets U ⊂ V with complement of U in V of codimension greater than one, any
section s ∈ F (U) extends uniquely to s˜ ∈ OlX(V ). Moreover, s˜|U lies in the kernel of the
morphism OlX(U)→ O
m
X (U) and so s˜ is in the kernel of the morphism O
l
X(V )→ O
m
X (V ).
Hence, s˜ ∈ F (V ).
Let now F be a normal torsion-free sheaf. Sequence
0→ F → F∨∨ → Q→ 0
is exact. Since singularities of F are in codimension at least two, sheaf Q has support in
codimension at least two. Because both F and F∨∨ are normal, sheaf Q has no section
on any affine open set, hence Q ≃ 0.
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Let X be a normal Noetherian scheme. We denote by Ref(X) ⊂ Coh(X) the full
subcategory of reflexive sheaves.
Lemma 4.2. (cf. [VdB04, Lemma 4.2.1]) Let f : X → Y be a projective birational
morphism between normal Noetherian schemes such that exceptional locus of f has
codimension greater than one in X. Functors
f∗ : Ref(X)→ Ref(Y ), (f
∗(−))∨∨ : Ref(Y )→ Ref(X)
are mutually inverse and give an equivalence of the categories of reflexive sheaves on X
and Y .
Proof. For a torsion free sheaf F on X , its direct image f∗F is also torsion free. Thus, in
order to check that f∗F is reflexive, it suffices to check that it is normal.
Let G be a torsion-free sheaf on Y which is not normal. There exist open sets j : U →֒
V with the complement of U in codimension greater than one in V such that canonical
morphism G→ j∗j∗G is not an isomorphism. Then we have a non-trivial extension
0→ G→ j∗j
∗G→ Q→ 0.
The question is local, so we can assume Y to be affine. SheafQ is supported in codimension
greater than one, hence there exists a closed subscheme Z ⊂ Y of codimension greater
than one such that sequence
0→ K → O⊕kZ → Q→ 0
is exact. Since G is torsion-free, Hom(K,G) is zero. Hence, vanishing of Ext1Y (OZ , G)
implies that Ext1Y (Q,G) is also zero. Thus, in order to show that a torsion-free sheaf
G is normal it suffices to check that Ext1Y (OZ , G) vanishes, for any closed Z ⊂ Y of
codimension greater than one.
Group Ext1Y (OZ , f∗F ) is zero if and only if morphism Hom(OY , f∗F )→ Hom(IZ , f∗F )
given by short exact sequence
0→ IZ → OY → OZ → 0
is an isomorphism. By adjunction, HomY (IZ , f∗F ) is isomorphic to HomX(f
∗IZ , F ).
Exceptional locus of f has codimension greater than one, hence f ∗IZ is isomorphic to OX
in codimension one. Since F is reflexive, this implies HomX(f
∗IZ , F ) = HomX(OX , F ).
Thus, functor f∗ maps reflexive sheaves on X to reflexive sheaves on Y . Clearly, the
same is true about (f ∗(−))∨∨.
Let now F be an object in Ref(X). Adjunction implies a morphism α : (f ∗f∗F )
∨∨ →
F∨∨ ≃ F . Both sheaves are reflexive and α is an isomorphism outside exceptional locus
of f , which has codimension greater than one. Therefore α is an isomorphism.
For G ∈ Ref(Y ), reflexification f ∗G→ (f ∗G)∨∨ together with adjunction G→ f∗f ∗G
give β : G → f∗((f ∗G)∨∨). Again, morphism β is an isomorphism in codimension one
between reflexive sheaves, hence an isomorphism.
Finally, a morphism between reflexive sheaves is determined by its restriction to any
open set with the complement of codimension greater than one. Thus, functors f∗ and
f ∗(−)∨∨ give isomorphisms on the groups of morphisms between objects in Ref(X) and
Ref(Y ).
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Let f : X → Y be a morphism satisfying (a). Let M be an object in P−1 and put
N+ := (f+∗f∗M)
∨∨. (38)
By Lemma 4.2, sheaf N+ is an object in Ref(X+).
Proposition 4.3. Let f : X → Y be a morphism satisfying (a) and f+ : X+ → Y its
flop. Then functor
(f+∗f∗(−))
∨∨ : Ref(X)→ Ref(X+)
restricts to equivalences P−1
≃
−→ P+0 and P0
≃
−→ P+−1.
Proof. By [VdB04, Proposition 3.2.6], categories P−1 and P0 are subcategories of
Ref(X). By [VdB04, Proposition 4.3.1], subcategories f∗P−1 and f
+
∗ P
+
0 of Ref(Y ) are
equivalent. By Lemma 4.2, the subcategory (f+∗f∗P−1)
∨∨ of Ref(X+) corresponds to
P−1 under equivalences Ref(X) ≃ Ref(Y ) ≃ Ref(X+), hence P
+
0 ≃ (f
+∗f∗P−1)
∨∨.
Since f : X → Y is the flop of f+ : X+ → Y , categories P+−1 and P0 are equivalent
too.
Lemma 4.4. Let f : X → Y be a morphism satisfying (a) and M1, M2 objects in Pp,
for p = −1 or 0. Then ExtiX(M1,M2) = 0, for i ≥ 1.
Proof. By [VdB04, Proposition 3.2.6], objects in Pp are vector bundles on X . Hence,
Exti(M1,M2) ≃ 0, for i > 0. Since morphism f has fibers of relative dimension
bounded by one, the local-to-global spectral sequence implies that Exti(M1,M2) ≃
H0(Y,Rif∗Hom(M1,M2)) vanishes, for i > 1. Group Ext
1
X(M1,M2) is isomorphic
to Ext1pPer(X/Y )(M1,M2), hence also zero, as M1 is an object of Pp.
Let P ⊂ B be an exact subcategory of an abelian category. Denote by Hot−,b(P)
the homotopy category of bounded above complexes of objects in P with bounded
cohomology in B. Denote by Hot−,b(P)≤l the full subcategory of complexes with non-
zero cohomology in degree up to l. Denote by Hot−(P) the category of bounded above
complexes of objects in P without any constraint on cohomology. Finally, denote by
Hotb(P) the full subcategory of bounded complexes in Hot−,b(P). All these categories
are triangulated by [Nee90]. If P is the category of projective objects in pPer(X/Y ), for
p = −1, 0, then we use the above notation for the embedding Pp ⊂ Coh(X).
Assume that morphism f : X → Y satisfy (a). Since pPer(X/Y ) has enough projective
objects, for p = −1 or 0, category Db(pPer(X/Y )) is equivalent to Hot−,b(Pp), see [GM03,
Theorem III.5.21].
Proposition 4.5. Let morphism f : X → Y satisfy (a). Then categories Db(X) and
Db(pPer(X/Y )) are equivalent, for p = −1 or 0.
Proof. Since objects inPp are coherent sheaves onX , we have a functor Θ: Hot
−,b(Pp)→
Db(X). There exists N0 such that Ext
q
X(P,C) = 0, for any P ∈ Pp and C ∈
pPer(X/Y )
and q ≥ N0. Indeed, C has non-zero cohomology sheaves in degrees −1 and 0 only,
and objects in Pp are locally free sheaves on X [VdB04, Proposition 3.2.6]. Then
Proposition D.4 implies that cohomology groups of complex
∏
j−i=pHomX(A
i, Bj) are
isomorphic to HomX(A
·, B·), for any A·, B· ∈ Hot−,b(Pp) (see Lemma 4.4). Hence,
Hom·X(A
·, B·) ≃ HomHot−,b(Pp)(A
·, B·), i.e. Θ is fully faithful. It is essentially surjective,
because pPer(X/Y ) is the heart of a bounded t-structure.
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By Proposition 4.3, functor
Σo := (f
+∗f∗(−))
∨∨ : P−1 → P
+
0 (39)
is fully faithful. Denote by
Σ: Hot−,b(P−1)→ Hot
−(P+0 ) (40)
the functor obtained by applying Σo term-wise to complexes of objects of P−1.
Theorem 4.6. Let f : X → Y be a projective birational morphism with fibers of relative
dimension bounded by one of Gorenstein normal varieties. Assume that exceptional locus
of f has codimension greater than one in X, variety Y is affine with canonical hypersurface
singularities of multiplicity two. Let f+ : X+ → Y be the flop of f . Then functor Σ induces
an equivalence between Db(X) and Db(X+).
Proof. Lemma 4.2 implies that functor
To := (f
∗f+∗ (−))
∨∨ : P+0 → P−1
is the inverse of Σo. Let us extend it term-wise to a functor
T : Hot−,b(P+0 )→ Hot
−(P−1).
Proposition 4.3 implies that Σ and T are inverse equivalences between P−1 and
P
+
0 . Hence, they are also inverse equivalences between Hot
−(P−1) and Hot
−(P0). By
Proposition 4.5, we have Db(X) ≃ Hot−,b(P−1) and Db(X+) ≃ Hot
−,b(P+0 ). Thus, it
suffices to show that Σ takes Hot−,b(P−1) to Hot
−,b(P+0 ) and T takes Hot
−,b(P+0 ) to
Hot−,b(P−1).
Let E be in Hot−,b(P−1) and assume that Σ(E) has unbounded cohomology. If
cohomology of Σ(E) is unbounded with respect to the standard t-structure it is also
unbounded with respect to the t-structure with heart 0Per(X+/Y ), because these two
t-structures are related by a tilt. Let N+ be the projective generator of 0Per(X+/Y ).
Then dimk Hom
·
X+(N
+,Σ(E)) is infinite. By adjunction of inverse functors, we have that
dimk Hom
·
X(T (N
+), E) is infinite. As To(N+) is in P−1, it contradicts boundedness of
cohomology of E with respect to the t-structure with heart −1Per(X/Y ). Analogously, T
takes Hot−,b(P+0 ) to Hot
−,b(P−1).
The following proposition shows that Theorem 4.6 may be considered as a write-up of
the Van den Bergh’s theorem.
Proposition 4.7. Let f : X → Y satisfy (a). There exists a quasi-equivalence Σ˜ of
DG enhancements for Dqc(X) and Dqc(X+) with following properties. If Σ˜ : Dqc(X)
≃
−→
Dqc(X
+) denotes the induced functor on the homotopy categories, then the restriction Σ =
Σ˜|Db(X) is an equivalence of D
b(X) with Db(X+) that takes −1Per(X/Y ) to 0Per(X+/Y ).
Moreover, Σ coincides with the equivalence defined by M. Van den Bergh in [VdB04,
Theorem 4.4.2].
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Proof. Since f has fibers of relative dimension bounded by one, [VdB04, Lemma 3.2.2]
implies that for an f -ample line bundle L both L ⊕ OX and OX ⊕ L−1 are compact
generators of Dqc(X). It follows from the construction [VdB04, Proposition 3.2.5] that
both the projective generator M of −1Per(X/Y ) and N of 0Per(X/Y ) are compact
generators of the category Dqc(X). Proposition 4.3 implies that endomorphism algebras
of M and N+ (as in (38)) are isomorphic. Moreover, by Lemma 4.4 both M and N+
have no higher self Ext groups. Hence, by the result of B. Keller [Kel06] both Dqc(X)
and Dqc(X+) are equivalent to the derived category of DG modules over an algebra
A = HomX(M,M), cf. [BVdB03].
Algebra A, considered as an A − A bimodule, defines a quasi-equivalence Σ˜ of
DG enhancements for Dqc(X) with Dqc(X+). Since identification of Hot
−,b(P−1) with
subcategory of DG modules over A is given by projective resolutions, it follows from
the construction that Σ = Σ˜|Hot−,b(P−1) (see (40)). As Σ takes projective objects in
−1Per(X/Y ) to projective objects in 0Per(X+/Y ) by pushing down to Y and then pulling
back to X+, it is easy to see that it coincides with the equivalence defined by M. Van den
Bergh in [VdB04, Theorem 4.4.2].
The choice of −1Per(X/Y ) ⊂ Db(X) and 0Per(X+/Y ) ⊂ Db(X+) is arbitrary. The
same argument as above, for categories 0Per(X/Y ) ⊂ Db(X) and −1Per(X+/Y ) ⊂
Db(X+) gives an equivalence Σ˜−1 : Db(X) → Db(X+) that takes 0Per(X/Y ) to
−1Per(X+/Y ).
4.2 An alternative description of the flop functor
The counit of f ∗ ⊣ f∗ adjunction
f ∗f∗ → Id
gives a morphism
p∗f ∗f∗ → p
∗.
Isomorphism p∗f ∗ ≃ p+∗f+∗ and p+∗ ⊣ p+∗ adjunction lead to a base-change morphism
ǫ : f+∗f∗ → p
+
∗ p
∗. (41)
Note that the morphism ǫ is by definition the composition
ǫ : f+∗f∗ → p
+
∗ p
+∗f+∗f∗ → p
+
∗ p
∗. (42)
Analogous argument gives a derived base-change
ǫ˜ : Lf+∗Rf∗ → Rp
+
∗ Lp
∗. (43)
Lemma 4.8. Let M be an object in P−1. Then ǫM : f+∗f∗M → p+∗ p
∗M is an
isomorphism.
Proof. Since M is locally free, [VdB04, Propostion 3.2.6], applying p∗ to sequence (13)
we get an exact sequence
0→ p∗P → p∗f ∗f∗M→ p
∗M→ 0
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on X ×Y X
+. Sheaf P is in Af , hence Proposition 2.7 implies an isomorphism
p+∗ p
∗f ∗f∗M
≃
−→ p+∗ p
∗M.
Since diagram (36) is commutative, p+∗ p
∗f ∗f∗M ≃ p
+
∗ p
+∗f+∗f∗M. Isomorphism
f+∗f∗M≃ f+∗f+∗ N
+ (see Proposition 4.3) together with Lemma 3.6 implies that f+∗f∗M
is torsion-free. Moreover, Proposition 2.7 gives Rp+∗OX×YX+ = OX+ . Thus, conditions of
Lemma 2.4 are satisfied and we have an isomorphism f+∗f∗M
≃
−→ p+∗ p
+∗f+∗f∗M. Hence,
ǫM is a composite of two isomorphisms in (42).
Proposition 4.9. Let f satisfy (a). Then the flop functor Rp+∗ Lp
∗ on P−1 is isomorphic
to the non-derived flop functor p+∗ p
∗.
Proof. Every object in P−1 locally free, [VdB04, Propostion 3.2.6], hence Lp
∗|P−1 ≃
p∗|P−1 . Moreover, since R
1f∗P−1 ≃ 0, [VdB04, Lemma 3.1.2] Proposition 2.7 implies
that R1p+∗ p
∗P−1 ≃ 0.
We define functor
f+∗f∗ : Hot
−,b(P−1)→ Hot
−(f+∗f∗P−1)
term-wise. We use the same notation for the composite of the above functor with the
canonical functor Hot−(f+∗f∗P−1)→ D
−(X+). Also term-wise, we define a functor
p+∗ p
∗ : Hot−,b(P−1)→ D
−(X+).
Proposition 4.10. Let f satisfy (a). Then the flop functor, functors f+∗f∗ and p
+
∗ p
∗ are
all isomorphic on the category Hot−,b(P−1).
Proof. Proposition 4.9 implies that the canonical morphism p+∗ p
∗|P−1 → Rp
+
∗ p
∗|P−1 is
an isomorphism. All objects in P−1 are locally free, [VdB04, Propostion 3.2.6], hence
canonical morphism Rp+∗ Lp
∗|P−1 → Rp
+
∗ p
∗|P−1 is also an isomorphism. This implies
isomorphism of p+∗ p
∗|P−1 and Rp
+
∗ Lp
∗|P−1 .
Lemma 4.8 assures that the base-change ǫM : f
+∗f∗M→ p
+
∗ p
∗M is an isomorphism,
for all M ∈ P−1.
Thus all three functors are isomorphic on P−1. Induction on triangles shows that the
isomorphism extends to Hotb(P−1). By Lemma 4.11 below they are also isomorphic on
Hot−,b(P−1).
In the proof of Proposition 4.10 we use the fact that in order to check that a natural
transformation gives an isomorphism of two functors defined on Hot−,b(P−1), it suffices
to check that it gives an isomorphism of the functors restricted to Hotb(P−1), which we
prove now.
Lemma 4.11. Let A be an abelian category, P ⊂ B an embedding of an exact subcategory
and F,G : Hot−,b(P)→ D−(A) exact functors. Assume there exists n0 such that both F
and G map Hot−,b(P)≤0 to D−(A)≤n0 and that the image of either F or G is contained
in Db(A). Let κ : F |Hotb(P) → G|Hotb(P) be an isomorphism of functors. Then κ admits
an extension to a functorial isomorphism κ˜ : F → G.
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Proof. Let E be an object in Hot−,b(P). We denote by σ≥kE the “stupid” truncation:
σ≥k(E)
i =
{
Ei, if i ≥ k,
0, otherwise.
Morphism σ≥lE → E induces isomorphisms τ≥mF (σ≥lE)
≃
−→ τ≥mF (E), τ≥mG(σ≥lE)
≃
−→
τ≥mG(E), for any m ∈ Z, and l ≤ m− n0. We have
τ≥mF (E) ≃ τ≥mF (σ≥lE) ≃ τ≥mG(σ≥lE) ≃ τ≥mG(E), (44)
for any l ≤ m − n0. Let us assume that F (E) is an object in Db(A). There exists
N such that morphism F (E) → τ≥mF (E) is an isomorphism, for any m ≤ N . Thus,
isomorphisms (44) imply that G(E) is also an object in Db(A). We define κ˜ as the
composite of isomorphisms
F (E)→ τ≥mF (E)→ τ≥mF (σ≥lE)
τ≥mκσ≥lE
−−−−−−→ τ≥mG(σ≥lE)→ τ≥mG(E)→ G(E),
for any m ≤ N and l ≤ m − n0. Since κ is a natural transformation, τ≥mκσ≥lE ≃
τ≥mκσ≥l′E, for any l, l
′ ≤ m− n0 . Hence, κ˜ does not depend on the choice of m ≤ N and
l ≤ m− n0.
4.3 A distinguished triangle of functors Db(X)→ Db(X+)
Assume that f : X → Y satisfies (a), i.e. there exists a closed embedding i : Y → Y , for
Y smooth of dimension n+ 1. Then, X ×Y X
+ ≃ X ×Y X
+, i.e. diagram
X ×Y X+
p
zztt
tt
tt
tt
tt p+
%%❑❑
❑❑
❑❑
❑❑
❑❑
X
g
%%❏
❏❏
❏❏
❏❏
❏❏
❏❏
X+
g+
yysss
ss
ss
ss
ss
s
Y
(45)
is fibered.
Recall, that we denote by F = Rp+∗ Lp
∗ the flop functor and by Σ: Hot−,b(P−1) →
Db(X+) the term-wise extension of Σo = (f+∗f∗(−))∨∨ : P−1 → P
+
0 .
Lemma 4.12. Let f : X → Y satisfy (a). Functors Rf+∗ Σ, Rf∗ : Hot
−,b(P−1) → Db(Y )
are isomorphic.
Proof. Consider morphism α : f∗|P−1 → f
+
∗ Σo|P−1 defined as the composite
f∗
ηf∗
−−→ f+∗ f
+∗f∗
f+∗ βf
+∗f∗
−−−−−−→ f+∗ (f
+∗f∗(−)
∨∨) = f+∗ Σo,
for the unit η of f+∗ ⊣ f+∗ adjunction and the reflexification β : (−)→ (−)
∨∨. Lemma 4.2
implies that α is an isomorphism of functors (see Lemma 4.11).
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α defines morphism α− : f−∗ → (f
+
∗ Σ) of the term-wise extension of functors f∗|P−1
and f+∗ Σo|P−1 to the category Hot
−,b(P−1). Since α is an isomorphism, the same is true
about α−.
Let now E be an object in Db(X). It is isomorphic to a complex P· in Hot
−,b(P−1).
The first layer of spectral sequence
E1p,q = R
pf∗Pq ⇒ R
p+qf∗E
has only one non-zero row. Hence, complex f∗P· is isomorphic to Rf∗E. Analogously,
since Σo(P−1) ≃ P
+
0 , complex f
+
∗ Σ(P·) is isomorphic to Rf
+
∗ ΣE. Thus, α
− induces an
isomorphism of Rf∗ and Rf
+
∗ Σ.
Proposition 4.13. Let f : X → Y satisfy (a) and let Σ˜ be as in Proposition 4.7. The
derived base change ǫ˜ fits into a distinguished triangle
Σ˜[1]→ Lg+∗Rg∗
ǫ˜
−→ F → Σ˜[2]
in the homotopy category of DG functors between DG enhancements for Dqc(X) and
Dqc(X+).
Proof. We have already seen in the proof of Proposition 4.7 that there exists a choice of
compact generatorsM and N+ of Dqc(X) and Dqc(X+) respectively, such that Dqc(X) ≃
D(Mod–A) ≃ Dqc(X+), for an algebra A = HomX(M,M). Under these equivalences,
functor Σ˜ is given by algebra A considered as an A−A bimodule.
Both functors Lg+∗Rg∗ and Rp
+
∗ Lp
∗ : Dqc(X)→ Dqc(X+) are given by integral kernels
on X × X+. Since (gf)∗ is isomorphic to g∗f∗ [Sch15, Lemma 6.20] (see also Appendix
B.1), the base change for diagram (45) gives a morphism g+∗g
∗
→ p+
∗
p∗ of functors I(X)→
I(X+). Thus, the base change Lg+∗Rg∗ → Rp+∗ Lp
∗ of functors Dqc(X) → Dqc(X+) is
given by a morphism of kernels [LS14, Theorem 1.1]. Therefore, we may consider a
distinguished triangle of functors
Σ′ → Lg+∗Rg∗ → Rp
+
∗ Lp
∗ → Σ′[1]. (46)
Functor Σ′ is given by some A−A DG bimodule. We denote by Σ′ : SF–A→ DGMod–A
the DG functor that gives Σ′ on the homotopy categories.
Let us show that functors Σ′|P−1 and Σo[1]|P−1 are isomorphic. To this end, we
consider an object M in P−1. By Proposition 4.3, object N+ := f+∗f∗(M)∨∨ lies in
P
+
0 . Thus, Proposition 3.14 yields a distinguished triangle
N+[1]→ Lg+∗Rg+∗ N
+ → f+∗f+∗ N
+ → N+[2]. (47)
By Lemma 4.2, we have f+∗ N
+ ≃ f∗M, hence g+∗ N
+ ≃ g∗M. Proposition 4.10 assures
that f+∗f∗M≃ F (M), hence triangle (47) reads
Σo(M)[1]→ Lg
+∗Rg∗M→ F (M)→ Σo(M)[2]. (48)
There exists a morphism from triangle (48) to triangle (46) applied to M which
is equal to the identity morphism on Lg+∗g∗M and F (M). Thus, for any M
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in P−1, there exists an isomorphism αM : Σo(M)[1] → Σ
′(M). It is unique, as
HomX+(Σo(M)[1], F (M)[−1]) = Ext
−2
X+(N
+, f+∗f+∗ N
+) = 0 (for degree reason). αM
when composed with Σ′(M) → Lg+∗Rg∗(M) is equal to βM, for a morphism β =
ηΣo : Σo[1] → Lg+∗Rg∗. Here, η : Id[1] → g+!Rg+∗ [1] ≃ Lg
+∗Rg+∗ is the adjunction unit
(we use Rg+∗ Σo ≃ Rg∗ which follows from Lemma 4.12).
For any M,M1 ∈ P−1 and ϕ : M 7→M1, both compositions
Σo(M)[1]
Σo(ϕ)[1]
−−−−→ Σo(M1)[1]
αM1−−→ Σ′(M1), Σo(M)[1]
αM−−→ Σ′(M)
Σ′(ϕ)
−−−→ Σ′(M1)
fit into a commuting diagram
F (M1)[−1] // Σ′(M1) // Lg+∗Rg∗(M1)
F (M)[−1]
F (ϕ)[−1]
OO
// Σo(M)[1] //
OO
Lg+∗Rg∗(M).
Lg+∗Rg∗(ϕ)
OO
Since both HomX+(Σo(M)[1], F (M1)) and HomX+(Σo(M)[1], F (M1)[−1]) vanish (also
for degree reason), we have Σ′(ϕ) ◦ αM = αM1 ◦ Σo(ϕ)[1], i.e. α extends
to a morphism of functors α : Σo[1]|P−1 → Σ
′|P−1 . Moreover, any ψ in
HomX+(Σo(M)[1],Σo(M1)[1]) ≃ HomX(M,M1) uniquely determines ψ˜ : Σ
′(M) →
Σ′(M1). Similarly, as HomX+(Σ
′(M), F (M1)) = 0 = HomX+(Σ
′(M), F (M1)[−1]), any
τ ∈ HomX+(Σ
′(M),Σ′(M1)) determines τ˜ : Σo(M)[1] → Σo(M1)[1]. Thus, morphism
α : HomX+(Σo(M)[1],Σo(M1)[1]) → HomX+(Σ
′(M),Σ′(M1)) is a bijection. It follows
that α is an isomorphism of functors α : Σo[1]|P−1
≃
−→ Σ′|P−1.
Lemma 4.4 implies that Dqc(X) ≃ D(Mod–A), for an algebra A. Furthermore, by
definition, functor Σ˜ is of the form TA, for A considered as A−A bimodule (see Appendix
B.1). Since Σ′ defined by an integral kernel on X × X+, [LS14, Theorem 1.1] implies
that Σ′[−1] is given by an A−A DG bimodule M . Thus, assumptions of Lemma B.2 are
satisfied and we conclude that Σ′[−1] ≃ Σ˜. Hence, triangle (46) reads
Σ˜[1]→ Lg+∗Rg+∗ → F → Σ˜[2].
Corollary 4.14. Let f : X → Y satisfy (p). The flop functor F takes Db(X) to Db(X+).
Proof. The statement is local in Y , therefore we can assume that morphism f satisfies
(a). Since both Lg+∗Rg∗ and Σ˜ take Db(X) to Db(X+) (see Theorem 4.6), distinguished
triangle of Proposition 4.13 implies that the flop functor F takes Db(X) to Db(X+).
4.4 Flop functor as the inverse of Van den Bergh’s equivalence
We show that the flop functor F+ : Db(X+) → Db(X) and functor Σ are inverse to each
other. In view of Theorem 4.6, this statement is equivalent to the flop functor F+ being
isomorphic to the term-wise functor T = (f ∗f+∗ (−))
∨∨.
Proposition 4.15. Let f : X → Y satisfy (a). The flop functor is isomorphic to
f+∗f∗(−)∨∨ as functors P0 → P
+
−1.
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Proof. By Proposition 3.14, for any N ∈ P0, triangle
Lp∗N [1]→ L(p∗g∗)g∗N → Lp
∗(f ∗f∗N )→ Lp
∗N [2] (49)
is exact. Since g∗N has locally free resolution of length two (see Lemma 3.10), by
considering exact sequence of cohomology of triangle (49), we get an exact sequence
0→ L2p∗(f ∗f∗N )→ p
∗N → L1(p∗g∗)g∗N → L
1p∗(f ∗f∗N )→ 0. (50)
By applying Lp∗ to sequence (25), we get isomorphisms L3p∗Q ≃ L2p∗(f ∗f∗N ) and
L2p∗Q ≃ L1p∗(f ∗f∗N ), where Q = H0X(ι
∗
fN ) is a projective object in Af . In view of
Lemma 5.1, sequence (50) reduces to an isomorphism p∗N ≃ L1(p∗g∗)g∗N .
Let M+ = (f+∗f∗N )∨∨ be an object in P
+
−1. Proposition 4.3 implies that f
+
∗ M
+ ≃
f∗N . Since diagram (45) commutes, we have
p∗N ≃ L1(p∗g∗)g∗N ≃ L
1(p+∗g+∗)g+∗M
+.
By applying Lp+∗ to sequence (30), we get an exact sequence
0→ L2p+∗(f+∗f+∗ M
+)→ p+∗M+ → L1(p+∗g+∗)g+∗M
+ → L1p+∗(f+∗f+∗ M
+)→ 0.
(51)
Sequence (13) together with Lemma 5.1 imply that L2p+∗(f+∗f+∗ M
+) ≃ L2p+∗P+ ≃ 0.
Hence, sequence (51) can be rewritten as
0→ p+∗M+ → L1(p+∗g+∗)g+∗M
+ → L1p+∗(f+∗f+∗ M
+)→ 0. (52)
Lemma 2.5 and Proposition 5.3 give isomorphisms
p+∗ p
+∗f+∗f+∗ M
+ ≃ p+∗ p
+∗p+∗ p
∗p∗p
+∗M+ ≃ p+∗ p
∗p∗p
+∗M+ ≃ f+∗f+∗ M
+.
Thus, sequence (18) implies that Rp+∗ (L
1p+∗f+∗f+∗ M
+) ≃ 0. Moreover, we have
Rp+∗ p
+∗M+ ≃M+. Hence, by applying Rp+∗ to sequence (52), we get
Rp+∗ p
∗N ≃ Rp+∗ (L
1(p+∗g+∗)g+∗M
+) ≃ Rp+∗ p
+∗M+ ≃M+.
Hence, flop functor takes N to M+.
Let ǫN : f
+∗f∗N → p+∗ p
∗N ≃M+ be the base change. Since f∗N ≃ f+∗ M
+, we have
f+∗f∗N ≃ f+∗f+∗ M
+. The kernel of reflexification f+∗f+∗ M
+ → (f+∗f+∗ M
+)∨∨ ≃M+ is
torsion and p+∗p∗N ≃M+ is torsion-free, hence, by applying functor HomX+(−, p
+∗p∗N )
to sequence (13) with f and M replaced by f+ and M+, we get an isomorphism
HomX+(M
+, p+∗p∗N ) ≃ HomX+(f
+∗f+∗ M
+, p+∗p∗N ). It follows that ǫN factors uniquely
via a morphism ǫ˜N : M
+ ≃ (f+∗f∗N )
∨∨ → p+∗ p
∗N which is easily checked to be functorial.
Thus, there exists a morphism ǫ˜ : (f+∗f∗(−))∨∨ → p+∗ p
∗(−) of functors.
Objects of P0 and P
+
−1 are reflexive on X and X
+, hence any morphism N1 → N2
(and M+1 →M
+
2 ) is determined by its restrictions to any open set with the complement
of codimension greater than one. In particular, by its restriction to the complement
U ⊂ X of the exceptional set Ex(f) of f (and f+). Flop functor is Rp+∗ Lp
∗ and the
other functor is (f+∗f∗(−))∨∨. Then, taking into account that maps f , f+, p, and p+ are
isomorphisms outside the exceptional sets and (f+)−1 ◦ f = p+ ◦ p−1 on U , the morphism
HomX(N1,N2) → HomX+(M
+
1 ,M
+
2 ) induced by the flop functor F coincides with the
morphism given by (f+∗f∗(−))∨∨. It follows that ǫ˜ is an isomorphism of functors.
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Proposition 4.16. Let f : X → Y satisfy (a). The flop functor F takes 0Per(X/Y ) to
−1Per(X+/Y ). It is isomorphic to Σ˜−1 in the homotopy category of DG functors between
DG enhancements for Dqc(X) and Dqc(X+).
Proof. The same argument as in the proof of Proposition 4.7 shows that Σ˜−1 is the term-
wise extension of (f+∗f∗(−))∨∨ to the category Hot
−,b(P0). Proposition 4.15 implies that
F |P0 ≃ Σ˜
−1|P0.
Categories Dqc(X) and Dqc(X+) have compact generators N ∈ P0 and M+ =
(f+∗f∗N )∨∨ ∈ P
+
−1. For algebras AX = HomX(N ,N ) and AX+ = HomX+(M
+,M+), we
have equivalences Dqc(X) ≃ D(Mod–AX), Dqc(X
+) ≃ D(Mod–AX+). By construction,
functor Σ˜−1 is of the form TM1 , see Appendix B.1. The flop functor F is similarly of the
form TM2 , since it is given by an integral kernel on X × X
+, see [LS14] and Appendix
B.1. Moreover, from the construction of Σ˜−1, it follows that Hi(M1) = 0, for i 6= 0 (see
the proof of Proposition 4.7). By Lemma B.2, isomorphism F |P0 ≃ Σ˜
−1|P0 implies an
isomorphism F ≃ Σ˜−1 in the homotopy category of DG functors.
As an immediate consequence of Theorem 4.6 and Proposition 4.16 we get
Corollary 4.17. Let f : X → Y satisfy (a). Then the flop functor F is an equivalence
of Db(X) with Db(X+).
In view of Propositions 4.13 and 4.16 triangle of functors Dqc(X)→ Dqc(X+)
(F+)−1[1]→ Lg+∗Rg∗ → F → (F
+)−1[2] (53)
is distinguished. Moreover, it restricts to a triangle of functors Db(X)→ Db(X+).
Corollary 4.18. Let f : X → Y satisfy (a). The flop functor F : Db(X) → Db(X+) is
t-exact when Db(X) is endowed with the t-structure with heart pPer(X/Y ) and Db(X+)
with the t-structure with heart p−1Per(X+/Y ). Moreover, F induces an equivalence of Af
with Af+ [1].
Proof. Since Rf+∗ ◦ F ≃ Rf∗ and, by Proposition 4.16, functor F takes
0Per(X/Y ) to
−1Per(X+/Y ), the flop F induces an equivalence of Af ⊂ 0Per(X/Y ) with Af+ [1] ⊂
−1Per(X+/Y ).
Category pPer(X/Y ) is defined by two conditions; we require that Rf∗E is a pure
sheaf, for any E ∈ pPer(X/Y ), and that Af [−p] ⊂ pPer(X/Y ). It follows from the
properties of F that F (pPer(X/Y )) ⊂ p−1Per(X+/Y ). Since F is an equivalence, both
categories are hearts of bounded t-structures on Db(X+). It follows that F (pPer(X/Y )) =
p−1Per(X+/Y ).
Corollary 4.19. Let morphism f : X → Y satisfy (a). Then categories Db(X) and
Db(pPer(X/Y )) are equivalent, for p ∈ Z.
Proof. Corollary 4.18 implies that, for any p ∈ Z, category pPer(X/Y ) is equivalent
either to 0Per(X/Y ) or to −1Per(X/Y ). Hence, Db(pPer(X/Y )) ≃ Db(qPer(X/Y )), for
q ∈ {−1, 0}, q ∼= p mod 2. By Proposition 4.5, the latter category is equivalent to
Db(X), which finishes the proof.
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4.5 Reduction to the affine case
We have shown with Corollary 4.17 that, if a morphism f : X → Y satisfies (a), then the
flop functor F is an equivalence of Db(X) with Db(X+). Now, following [Che02], we show
that the flop functor is also an equivalence, provided morphism f satisfies (p).
Note that the condition on Y to have hypersurface singularities means that completions
of the local rings at all closed points of Y are defined by one equation in regular complete
local rings.
Lemma 4.20. Let Y be an irreducible variety of dimension n with hypersurface
singularities. Then it has a finite open covering by affine subvarieties Yi such that every
Yi admits a closed embedding as a principal divisor into a smooth affine Yi.
For the reader’s convenience, we will give the proof of this statement.
Proof. Let y ∈ Y be a closed point. Since Zariski topology is quasi-compact, it is enough
to show existence of an affine open neighbourhood of y which admits a closed embedding
into a smooth affine Y of dimension n + 1. Since the statement is local, we can assume
that Y is affine. Then Y is realized as a closed subscheme in Am. We can assume that
m > n+1, because otherwise the proof is obvious. Let Am ⊂ Pm be the compactification
to a projective space and Y¯ ⊂ Pm the closure of Y in Pm.
Since Y has hypersurface singularities, the Zariski tangent space at point y ∈ Y has
dimension ≤ n + 1. It follows that we can choose a point z in Pm \ Y¯ such that the line
(zy) ⊂ Pm does not contain any point of Y¯ except for y and is not tangent to Y at y.
Denote by Y1 the image of Y¯ under the projection p : P
m → Pm−1 with center in z. By
the choice of z, the morphism Y¯ → Y1 is an isomorphism for some Zariski neighbourhoods
of y and p(y). We can keep projecting in the same manner, if necessary, by replacing
Y¯ ⊂ Pm with Y1 ⊂ P
m−1, until we come to the projective space of dimension n+ 1 and a
closed irreducible subvariety Y ′ in it of dimension n together with a morphism π : Y¯ → Y ′
which is an isomorphism in neighbourhoods of y and π(y).
We can find an affine open neighbourhood Y ⊂ Pn+1 of π(y) such that π gives an
isomorphism of Y ′ ∩Y with a neighbourhood of y ∈ Y . By choosing a smaller affine Y , if
necessary, we can assume that Y ′ ∩ Y ⊂ Y is cut out by a single equation. Then Y ′ ∩ Y
is affine and embedded as a principal divisor in Y , so we are done.
We consider f : X → Y which satisfies (p). Lemma 4.20 implies existence of a finite
affine covering Y =
⋃
Yi such that, for every i, space Yi admits an embedding as a
principal Cartier divisor to a smooth affine Yi.
For every i, we pull back the whole diagram to Yi:
Xi
fi ❄
❄❄
❄❄
❄❄
❄
X+i
f+i~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
X
f ❃
❃❃
❃❃
❃❃
❃ X
+
f+~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
⑥
Yi // Y
Note that, for any i, morphism fi satisfies (a).
36
Proposition 4.21. Let f : X → Y and fi : Xi → Yi be as above. Assume that flop
functors Fi : Db(Xi) → Db(X
+
i ) are equivalences, for every i. Then the flop functor
F : Db(X)→ Db(X+) is an equivalence.
Proof. Since X is Gorenstein, category Db(X) has a spanning class Ω = {Ox}, where
x runs over all closed points in X [HRLMdS07, Lemma 1.26]. With such a choice of
a spanning class the same argument as in [Che02, Proposition 3.2] proves that F is an
equivalence if all Fi are.
5 The flop-flop functor and the cotwist CX
With notation of (36) we consider the flop-flop functor
F+F = Rp∗ Lp
+∗Rp+∗ Lp
∗ : D−(X)→ D−(X). (54)
5.1 An alternative description of the flop-flop functor
We show that F+F on category Hot−,b(P−1) is isomorphic to f
∗f∗. First, we show
vanishing of higher inverse images of projective objects in Af and then extend Proposition
4.9 to the sheaf f ∗f∗N .
Lemma 5.1. Let f satisfy (a) and P be projective in Af . Then L
jp∗P = 0, for j ≥ 2.
Proof. The statement is local in X , in particular in Y . Therefore, we can assume that f
satisfy (c) and P is a direct sum of copies of Pi as in (17).
Consider the counit Lg∗g∗Mi → Mi of the Lg∗ ⊣ Rg∗ adjunction. It gives a
distinguished triangle
Lg∗g∗Mi →Mi → SMi → Lg
∗g∗Mi[1]. (55)
Applying functor Lp∗ to it yields a distinguished triangle on X ×Y X+:
L(p∗g∗)g∗Mi → p
∗Mi → Lp
∗SMi → L(g
∗p∗)g∗Mi[1]
Lemma 3.10 implies that Lj(p∗g∗)g∗Mi = 0, for j ≥ 2. Thus, Ljp∗SMi = 0, for j > 2.
Proposition 3.11, long exact sequence of cohomology associated to triangle (55) and
sequence (13) imply that SMi has two non-zero cohomology sheaves:
Mi[2]→ SMi → Pi[1]→Mi[3].
By applying Lp∗ and looking at the cohomology sheaves of the obtained triangle, we get
an isomorphism Ljp∗Pi ≃ Lj+1p∗SMi ≃ 0, for j ≥ 3, and an exact sequence
0→ L2p∗Pi → p
∗Mi → L
2p∗SMi → L
1p∗Pi → 0.
Sheaf L2p∗Pi is supported on the exceptional divisor of p, hence it is torsion. Since p∗Mi
is locally free, L2p∗Pi = 0.
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Proposition 5.2. Let f satisfy (a). Then flop functor Rp+∗ Lp
∗ on category f ∗f∗P0 is
isomorphic to the non-derived flop functor p+∗ p
∗.
Proof. In view of Lemma 5.1, Ljp∗Q ≃ 0, for any Q projective in Af and any j ≥
2. Since N is locally free, by applying Lp∗ to sequence (25), we get an isomorphism
Lp∗f ∗f∗N ≃ p∗f ∗f∗N . As diagram (36) commutes, the latter sheaf is isomorphic to
p+∗f+∗f∗N . Lemma 2.4 implies that R
1p+∗ p
+∗(E) ≃ 0, for any sheaf E on X+. Thus,
Rp+∗ p
+∗f+∗f∗N ≃ p+∗ p
+∗f+∗f∗N ≃ p+∗ p
∗f ∗f∗N .
Base change ǫ given by (41) and an analogous ǫ+ : f ∗f+∗ → p∗p
+∗ give ǫ˜ : f ∗f∗ →
p∗p
+∗p+∗ p
∗ which is the composite
ǫ˜ : f ∗f∗ → f
∗f+∗ f
+∗f∗
ǫ+◦ǫ
−−→ p∗p
+∗p+∗ p
∗. (56)
Proposition 5.3. Let f satisfy (a). Morphism ǫ˜ is an isomorphism on the category
Hot−,b(P−1).
Proof. Let M be in P−1. By definition (38) of N+, we have f∗M ≃ f+∗ N
+, hence
Lemma 2.5 implies that morphism f ∗f∗M → f ∗f+∗ f
+∗f∗M is an isomorphism. Lemma
4.8 guarantees that f ∗f+∗ ǫM : f
∗f+∗ f
+∗f∗M → f ∗f+∗ p
+
∗ p
∗M is also an isomorphism.
Finally, the counit morphism f ∗f+∗ p
+
∗ p
∗M → p∗p
∗f ∗f+∗ p
+
∗ p
∗M yields an isomorphism
f ∗f+∗ p
+
∗ p
∗M→ p∗p+∗p+∗ p
∗M. Indeed, we have
p∗p
∗f ∗f+∗ p
+
∗ p
∗M≃ p∗p
∗f ∗f+∗ f
+∗f∗M≃ p∗p
∗f ∗f∗M≃ p∗p
+∗f+∗f∗M≃ p∗p
+∗p+∗ p
∗M.
Above, the first and the isomorphisms are given by Lemma 4.8 and the second one follows
from Lemma 2.5 together with the isomorphism f∗M ≃ f+∗ N
+ (see Proposition 4.3).
Finally, the third isomorphism is given by the commutativity of diagram (36).
Thus, for any M ∈ P−1, we have an isomorphism f ∗f∗M → p∗p+∗p+∗ p
∗M. By
induction on triangles, the isomorphism extends to Hotb(P−1). Lemma 4.11 implies that
base change ǫ˜ is an isomorphism on Hot−,b(P−1).
Proposition 5.4. Let f : X → Y satisfy (a). The flop-flop functor F+F is isomorphic
to term-wise functor f ∗f∗ on the category Hot
−,b(P−1).
Proof. In view of Proposition 5.3, it suffices to check that functors p∗p
+∗p+∗ p
∗ and
Rp∗Lp
+∗Rp+∗ Lp
∗ are isomorphic on Hot−,b(P−1). By Proposition 4.9, we have an
isomorphism Rp+∗ Lp
∗M ≃ p+∗ p
∗M, for any M ∈ P−1. Proposition 4.10 implies that
p+∗ p
∗M ≃ f+∗f∗M, hence Rp∗Lp+∗p+∗ p
∗M ≃ p∗p+∗p+∗ p
∗M by Proposition 4.9. By
induction on triangles, we have an isomorphism on Hotb(P−1). We conclude by Lemma
4.11.
5.2 Flop-flop as the shift of a spherical cotwist
Let f : X → Y satisfy (a). Proposition 2.7 implies that Rp∗OX×Y X+ = OX . Thus,
commutativity of diagram (36) yields isomorphisms F+ ◦ Lf+∗ ≃ Rp∗Lp+∗Lf+∗ ≃
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Rp∗Lp
∗Lf ∗ ≃ Lf ∗. Hence F+Lg+∗ ≃ Lg∗. Composing triangle (53) with F+ leads
to a distinguished triangle
IdDqc(X)[1]
η
−→ Lg∗Rg∗ → F
+F → IdDqc(X)[2] (57)
in the homotopy category of DG functors between the DG enhancements for Dqc(X)
considered in Appendix B.1.
Recall that by Lemma 3.13, we have an isomorphism ν : Lg∗
≃
−→ g![1] of functors
Db(Y)→ Db(X).
Proposition 5.5. The composite IdDb(X)[1]
η
−→ Lg∗Rg∗
νRg∗
−−−→ g!Rg∗[1] is the unit of the
Rg∗ ⊣ g
! adjunction, for η given by triangle (57).
Proof. To ensure that the conditions of Lemma 5.6, for H = Rg∗ and G = g
!, are satisfied,
we check that Hom(IdDb(X), IdDb(X)) ≃ Hom(Rg∗, Rg∗) in the homotopy category of DG
functors between DG enhancements for Db(X) and Db(Y). The first space is isomorphic
to HomX×X(O∆,O∆), and the second to HomX×Y(OΓg ,OΓg), for the graph Γg ⊂ X × Y
of g. Since both ∆: X → X ×X and X ≃ Γg → X × Y are closed embeddings, we have
HomX×X(O∆,O∆) ≃ HomX(OX ,OX) ≃ HomX×Y(OΓg ,OΓg).
In view of Lemma 5.6, in order to prove that a morphism Id[1] → g!Rg∗[1] is the
adjunction unit, it suffices to check that there exists an isomorphism µ : Rg∗
≃
−→ Rg∗ such
that Rg∗(νRg∗ ◦ η[−1]) = Rg∗(η′) ◦ µ, for the adjunction unit η′ : Id→ g!Rg∗.
First, we shall show that Rg∗(νRg∗ ◦ η) is an inclusion of a direct summand. Since
νRg∗ is an isomorphism on Db(X) (Lemma 3.13), it suffices to check that the morphism
Rg∗η : Rg∗[1] → Rg∗Lg∗Rg∗ is an inclusion of a direct summand. Since applying Rg∗ to
triangle (57) gives a distinguished triangle of functors Db(X) → Db(Y), morphism Rg∗η
is an inclusion of a direct summand if and only if morphism Rg∗ ◦ Lg∗Rg∗ → Rg∗ ◦ F+F
given by applying Rg∗ to triangle (57) is a projection onto a direct summand.
Since Rg∗ ◦ F+ = Rg+∗ and triangle (57) is obtained by composing triangle (53) with
functor F+, it is enough to show that Rg+∗ applied to the derived base change morphism
ǫ˜ : Lg+∗Rg∗ → Rp
+
∗ Lp
∗ is a projection onto a direct summand.
By construction of the base change ǫ˜ in (41), Rg+∗ ǫ˜ decomposes as
Rg+∗ ǫ˜ : Rg
+
∗ Lg
+∗Rg∗ → Rg
+
∗ Lg
+∗Rg+∗ Rp
+
∗ Lp
∗ → Rg+∗ Rp
+
∗ Lp
∗,
where the first morphism is obtained by applying Rg+∗ Lg
+∗ to the isomorphism Rg∗
≃
−→
Rg+∗ Rp
+
∗ Lp
∗ and the second is given by the counit of the Lg+∗ ⊣ Rg+∗ adjunction. Since
Rg+∗ Lg
+∗Rg+∗ → Rg
+
∗ is a projection onto a direct summand, the same is true about
Rg+∗ ǫ˜.
Thus, we have shown that Rg∗(η) : Rg∗[1] → Rg∗Lg∗Rg∗ is an inclusion of a direct
summand. We note that Rg∗Lg
∗Rg∗ decomposes,
Rg∗Lg
∗Rg∗ ≃ Ri∗Rf∗Lf
∗Li∗Ri∗Rf∗ ≃ Ri∗Li
∗Ri∗Rf∗ ≃ (Ri∗⊕Ri∗[1])Rf∗ ≃ Rg∗⊕Rg∗[1].
Since the integral kernel of Rg∗ is the structure sheaf of Γg, there is no homomorphism
Rg∗[1] 7→ Rg∗ in the homotopy category of DG functors. It follows that an inclusion
Rg∗(η) : Rg∗[1] → Rg∗ ⊕ Rg∗[1] of a direct summand decomposes as Rg∗(η′) ◦ µ, for
some isomorphism µ : Rg∗
≃
−→ Rg∗, which finishes the proof, since µ = Rg∗µ′, for some
µ′ : IdDb(X)
≃
−→ IdDb(X).
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Let H : C → D and G : D → C be functors and let η : IdC → GH be a natural
transformation. Then η defines a morphism ϕ : HomC(H(−), ?) → HomD(−, G(?)) of
bifunctors given by ϕ(α) = G(α)ηC , for α ∈ HomC(H(C), D). Conversely, a morphism
ϕ : HomC(H(−), ?) → HomD(−, G(?)) of bifunctors defines η : IdC → GH with ηC =
ϕ(IdH(C)). If ϕ is an isomorphism then G and H are adjoint and η is the adjunction unit.
Note that the adjunction unit depends on the choice of ϕ. A functorial isomorphism
µ : H
≃
−→ H allows to twist the adjunction morphism by formula η˜ := Gµ ◦ η. Morphism
ϕ˜(α) := G(α)η˜C = G(αµ)ηC is an isomorphism of bifunctors, hence η˜ is the unit of H ⊣ G
adjunction given by ϕ˜.
Lemma 5.6. Let H : C → D be a functor and G : D → C its right adjoint. Denote by
η : IdC → GH the adjunction unit. If, for a morphism η˜ : IdC → GH, there exists an
isomorphism µ : IdC
≃
−→ IdC such that Hη˜ = H(η ◦ µ) : H → HGH, then η˜ = GHµ ◦ η,
i.e. η˜ yields another unit of the H ⊣ G adjunction.
Proof. Assume that µ as in the formulation of the lemma exists. In order to prove that η˜
is the adjunction unit it suffices to check that H(η˜) = H(GHµ ◦ η) : H → HGH . Indeed,
since isomorphism Hom(Id, GH)
≃
−→ Hom(H,H) is decomposed as Hom(Id, GH)
H
−→
Hom(H,HGH)
ε◦(−)
−−−→ Hom(H,H), for the adjunction counit ε : HG → IdD, map
Hom(Id, GH)
H
−→ Hom(H,HGH) is injective. Hence, equality H(η˜) = H(GHµ ◦ η)
implies that η˜ = GHµ ◦ η.
Since η is a natural transformation, we have η◦µ = GHµ◦η. Hence, H(η˜) = H(η◦µ) =
H(GHµ ◦ η), which finishes the proof.
Proposition 5.5 allow us to interpret the flop-flop functor F+F as the shift of a spherical
cotwist (see Appendix B.3 for definitions).
Namely, functor Rg∗ : D−(X) → D−(Y) has a right adjoint. Since g is proper, there
exists DG functors g!, g
∗
between DG enhancements forDqc(X) andDqc(Y) and morphism
Id→ g!g
∗
, g
∗
g! → Id, see [Sch15] and Appendix B.1. Thus, we have triangles
CX → IdDqc(X) → g
!Rg∗ → CX [1], (58)
Rg∗g
! → IdDqc(X) → TY → Rg∗g
![1]. (59)
Since g!Rg∗ and IdDb(X) preserve category D
b(X) ⊂ Dqc(X), the same is true about CX .
Similarly, TY maps D
b(Y) to Db(Y).
Theorem 5.7. Functor Rg∗ : Db(X) → Db(Y) is spherical. The corresponding spherical
cotwist CX is the shift F
+F [−2] of the flop-flop functor.
Proof. Functor Rg∗ has the right adjoint g
!. We check that conditions (S1) and (S2) of
Appendix B.3 are satisfied, i.e. that CX |Db(X) and TY |Db(Y) are equivalences.
Proposition 5.5 implies that CX |Db(X) ≃ F
+F |Db(X)[−2]. Hence, by Corollary 4.17,
CX |Db(X) is an equivalence.
It remains to check that TY |Db(Y) ≃ IdDb(Y). Isomorphisms
Rg∗g
! ≃ Rg∗Lg
∗[−1] ≃ i∗Rf∗Lf
∗Li∗[−1] ≃ i∗Li
∗[−1] ≃ i∗i
!
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imply that TY |Db(Y) fits into a distinguished triangle
i∗i
! → IdDb(Y) → TY |Db(Y) → i∗i
![1].
Since i!(OY) ≃ OY [−1] and Y is smooth, functors i![1] and Li∗ are isomorphic. Moreover,
functors i∗Li
∗ and (−)⊗LY OY are isomorphic. Locally free resolution
0→ OY(−Y )→ OY → OY → 0
and isomorphism OY(−Y ) ≃ OY imply that triangle
IdDb(Y) → IdDb(Y) → i∗Li
∗ → IdDb(Y)[1]
is distinguished. From isomorphism i∗Li
∗ ≃ i∗i![1], it follows that TY(OY) ≃ OY and
TY(Oy) ≃ Oy, for any closed point y ∈ Y . Hence, TY |Db(Y) ≃ IdDb(Y), cf. [HVdB07,
Corollary 4.3].
Composing (53) with F−1 we obtain, in view of Theorem 5.7, a distinguished triangle
C−1X [−1]→ Lg
∗Rg∗ → IdDb(X) → C
−1
X (60)
of functors Db(X) → Db(X). Similarly as in the proof of Proposition 5.5, from the fact
that Rg∗ǫ˜ is a projection onto a direct summand it follows that morphism Lg
∗Rg∗ →
IdDb(X) is the counit of Lg
∗ ⊣ Rg∗ adjunction.
6 Twist TX
6.1 Functors Ψ and Ψ!
Let f : X → Y satisfy (a). Proposition 3.17 implies that the projective generator P of
the null category Af is in Perf(X). The embedding Af → Coh(X) is an exact functor of
abelian categories. Hence, it defines the derived functor
Ψ: Db(Af)→ D
b(X).
Categories Af and
0Per(X/Y ) have projective generators P and M respectively.
Endomorphisms algebras AP = EndX(P) and AX = EndX(N ) are Noetherian, hence
Af and
0Per(X/Y ) are equivalent to categories of finitely generated right modules over
algebras, AP , respectively over AX , cf. [VdB04, Lemma 3.2.1]. Thus, D
b(Af ) ≃
Db(mod–AP ) and Db(X) ≃ Db(mod–AX) (see Proposition 4.5).
Projective generator P of Af is an object in 0Per(X/Y ). It follows that P ′ :=
RHomX(N ,P) is an AP − AX bimodule and, under the above equivalences, functor
Ψ is isomorphic to a functor Ψ: Db(mod–AP )→ Db(mod–AX):
Ψ: E 7→ E ⊗LAP P
′. (61)
Right adjoint Ψ! : Db(mod–AX)→ D−(mod–AP ) is given by
Ψ!(−) = RHomAX (P
′,−).
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Proposition 3.17 yields a finite projective resolution of P in 0Per(X/Y ). Hence, P ′ is a
perfect AX DG module and
RHomAX (P
′, N) ≃ RHomAX (P
′, N ⊗AX AX) ≃ N ⊗
L
AX
RHomAX (P
′, AX).
Thus, functor Ψ! is given by AX −AP DG bimodule
RHomAX(P
′, AX).
As P ′ belongs to Perf(AX), functor Ψ! preserves bounded derived categories:
Ψ! : Db(mod–AX)→ D
b(mod–AP ). (62)
The category of AoppP −AX DG bimodules provides a DG enhancement for the category
of functors Db(X) → Db(Af), see Appendix B.1. Hence, the adjoint pair Ψ ⊣ Ψ! defines
twist functor TX and cotwist functor CAf via distinguished triangles
ΨΨ! → IdDb(X) → TX → ΨΨ
![1], (63)
CAf → IdDb(Af ) → Ψ
!Ψ→ CAf [1] (64)
in the homotopy category of DG functors between DG enhancements for Db(X),
respectively for Db(Af ).
Remark 6.1. Let f : X → Y be a projective morphism with fibers of relative dimension
bounded by one such that Rf∗OX ≃ OY . Then torsion pairs (T0,F0) and (T−1,F−1) as
in (8) - (11) allow us to define t-structures with hearts −1Per(X/Y ) and 0Per(X/Y ).
Since T−1 ⊂ T0, these two t-structures are, in their turn, related by a tilt. We have
Af =
−1Per(X/Y ) ∩ 0Per(X/Y )[1], hence the corresponding torsion pairs are
−1Per(X/Y ) = (Af [1],T ),
0Per(X/Y ) = (T ,Af), (65)
where T = −1Per(X/Y ) ∩ 0Per(X/Y ), or more explicitly:
T = {E ∈ Db(X) |R1f∗H
0
X(E) = 0, Hom(H
0
X(E),Af) = 0, f∗H
−1
X (E) = 0,
Hom(Af ,H
−1
X (E)) = 0, H
i(E) = 0, for i 6= −1, 0}.
Since Af is abelian, embeddings
i−1 : Af →
−1Per(X/Y )[−1], i0 : Af →
0Per(X/Y )
are exact functors between abelian categories. Torsion pairs (65) yield existence of adjoint
functors:
i!−1 :
−1Per(X/Y )[−1]→ Af , i
∗
0 :
0Per(X/Y )→ Af .
Let D1, D2 be categories with t-structures with hearts A1 and A2 respectively, and
F : D1 → D2 a t-exact functor. If F ! exists, then τ
A1
≤0 F
!|A2 : A2 → A1 is right adjoint
to the exact functor F |A1 : A1 → A2. Thus, we have: i
!
−1 = τ
Af
≤0Ψ
!|−1Per(X/Y )[−1]. In
particular, since i!−1i−1 ≃ Id, there is a natural isomorphism of functors
H0(Ψ!Ψ)|Af ≃ IdAf . (66)
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6.2 TX as the inverse of the flop-flop functor
Triangle (57) yields a morphism η[−1] : IdDqc(X) → Lg
∗Rg∗[−1] in the homotopy category
of DG functors between DG enhancements for Dqc(X). Consider the composite
IdDb(X)
η[−1]
−−−→ Lg∗Rg∗[−1]
ε[−1]
−−−→ IdDb(X)[−1], (67)
where ε is the Lg∗ ⊣ Rg∗ adjunction counit. By [Sch15], morphism ε is also a morphism
in the homotopy category of DG functors. Moreover, we have ε[−1] ◦ η[−1] = 0, since
Hom(Id, Id[−1]) ≃ HomX×X(O∆,O∆[−1]) = 0, see Appendix B.1.
We define Λ as the functor corresponding to the twisted complex (67) in the DG
category of functors. We have an octahedron of functors:
Λ[2] // CX [2] // IdDqc(X)
C−1X [−1]
//
OO
Lg∗Rg∗ //
OO
IdDqc(X)
≃
OO
IdDqc(X)[1]
≃ //
OO
IdDqc(X)[1] //
OO
0.
OO
(68)
Λ is up to shift a cone the morphism IdDqc(X)[1] → C
−1
X [−1] lifting η : IdDqc(X)[1] →
Lg∗Rg∗ of triangle (57). Thus, we have a distinguished triangle
Λ
α
−→ IdDqc(X) → C
−1
X [−2]→ Λ[1] (69)
in the homotopy category of the DG enhancement for functors (see Appendix B.1).
Lemma 6.2. Let f : X → Y satisfy (a), M be in P−1 and P = H
−1
X ι
∗
fM. Then
Λ(M) ≃ Ψ(P)[−2], where Ψ(P) is by definition a pure sheaf.
Proof. Triangle (60) and Proposition 3.11 implies that H−2X C
−1
X (M) ≃ H
−1
X Lg
∗Rg∗M ≃
M and sequence
0→H−1X C
−1
X (M)→ f
∗f∗M→M→H
0
XC
−1
X (M)→ 0 (70)
is exact. Morphism f ∗f∗M → M is surjective by [VdB04, Lemma 3.1.3]. Comparing
sequences (13) and (70) yields H−1X C
−1
X (M) ≃ ΨH
−1
X (ι
∗
fM), H
0
XC
−1
X (M) ≃ 0.
The commutativity of the bottom left square of (68) applied toM implies thatM→
H−2(C−1X (M)) is an isomorphism. The long exact sequence on cohomology sheaves of
triangle of functors (69), when applied to object M, gives the result.
Lemma 6.3. Functor Λ|Db(X) has the right and left adjoint functors. Moreover, Λ
! ≃
Λ|Db(X)[3] ≃ Λ
∗.
Proof. Since Lemma 3.13 implies an isomorphism g!Rg∗ ≃ Lg∗Rg∗[−1] of functors
Db(X) → Db(X), the octahedron of the right adjoint functors to the octahedron (68)
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restricted to Db(X) is
(Λ[2])! // CX [1] // IdDb(X)[−1]
C−1X [−2]
//
OO
Lg∗Rg∗[−1] //
OO
IdDb(X)[−1]
≃
OO
IdDb(X)
≃ //
OO
IdDb(X) //
OO
0.
OO
Hence, Λ|Db(X)[1] ≃ (Λ[2])
! ≃ Λ![−2], i.e. Λ! ≃ Λ|Db(X)[3]. By coming to left adjoints:
Λ|Db(X) ≃ Λ
∗[−3].
Note that Rg∗Ψ = 0, hence, by composing (58) with Ψ, we obtain a natural
isomorphism of functors
CXΨ ≃ Ψ. (71)
Lemma 6.4. Let f satisfy (a). Then there exist isomorphisms of functors
ΛΨ ≃ Ψ⊕Ψ[−3], Ψ!Λ = Ψ! ⊕Ψ![−3].
Proof. By composing (69) with Ψ, we obtain, in view of (71), a distinguished triangle
Ψ[−3]→ ΛΨ→ Ψ→ Ψ[−2]. (72)
It follows that ΛΨ is a cone of a morphism β ∈ Ext−2(Ψ,Ψ).
Since Ψ is given by a AoppP − AX bimodule P
′, we know that
Ext−2(Ψ,Ψ) = Ext−2AX−AP (P
′,P ′) = 0,
i.e. (72) splits. The second equality follows by adjunction from Lemma 6.3.
Let Ω: Ψ! → Ψ!Λ ≃ Ψ!⊕Ψ![−3] be the embedding of the first component as in Lemma
6.4. Let Θ: ΨΨ! → Λ correspond to Ω by adjunction Hom(Ψ!,Ψ!Λ) ≃ Hom(ΨΨ!,Λ).
Lemma 6.5. Diagram
Λ|Db(X)
α
%%❏❏
❏❏
❏❏
❏❏
❏❏
ΨΨ!
Θ
;;✇✇✇✇✇✇✇✇
ε
// IdDb(X),
where ε is the adjunction counit, commutes in the DG category of functors between DG
enhancements for Db(X).
Proof. Isomorphism (71) implies that Ψ!C−1X ≃ Ψ
!. By composing triangle (69) restricted
to Db(X) with Ψ!, we obtain a distinguished triangle
Ψ!Λ|Db(X)
Ψ!α
−−→ Ψ! → Ψ![−2]→ Ψ!Λ|Db(X)[1]. (73)
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Ω is its splitting according to Lemma 6.4. Thus, we have commutative diagram
Ψ!Λ|Db(X)
Ψ!α
$$■
■■
■■
■■
■■
Ψ!
Ω
::✉✉✉✉✉✉✉✉✉
Id
// Ψ!
Hence, also diagram
ΨΨ!
ε // IdDb(X)
ΨΨ!
Id
99sssssssssss Ψ(Ω)// ΨΨ!Λ|Db(X) εΛ
Db(X)
//
ΨΨ!α
OO
Λ|Db(X)
α
OO
commutes. By definition, Θ = εΛ|Db(X) ◦Ψ(Ω), hence we are done.
Lemma 6.6. Let f satisfy (a) and M be in P−1. Morphism ΘM : ΨΨ!(M)→ Λ(M) is
an isomorphism.
Proof. Lemmas 6.2 and 6.4 give
Ψ!Ψ(P) ≃ Ψ!Λ(M)[2] ≃ Ψ!(M)[2]⊕Ψ!(M)[−1]. (74)
Projective resolution for P in 0Per(X/Y ) (Proposition 3.17) implies that endo-functors
Ψ!Ψ ≃ RHomX(P,Ψ(−)) takes every object in Af to an object in Db(Af) with non-zero
cohomology in degrees zero and three only. Thus,
Ψ!(M)[2] ≃ H0(Ψ!Ψ(P)) ≃ P, (75)
where the first isomorphism follows from decomposition (74) and the second one does
from isomorphism (66).
We have chosen morphism ΩM : Ψ
!(M) → Ψ!Λ(M) ≃ Ψ!Ψ(P)[−2] to be the
embedding of a direct summand P[−2] ≃ Ψ!(M) → Ψ!Λ(M) ≃ P[−2] ⊕ P[−5]. On
the other hand, morphism εΨ(P)[−2] : ΨΨ
!Ψ(P)[−2] → Ψ(P)[−2] is the projection to the
direct summand. Thus the composite
ΘM : ΨΨ
!(M)
Ψ(ΩM)
−−−−→ ΨΨ!Λ(M) ≃ ΨΨ!Ψ(P)[−2]
εΨ(P)[−2]
−−−−−→ Ψ(P)[−2].
is an isomorphism.
Theorem 6.7. Let f satisfy (a). There exists a natural isomorphism
T−1X ≃ F
+F
of functors Db(X)→ Db(X).
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Proof. In view of Theorem 5.7, it suffices to show that there exists an isomorphism TX
≃
−→
C−1X [−2].
By Lemma 6.5, there exists a commuting diagram
Λ|Db(X) // IdDb(X) // C
−1
X [−2]
ΨΨ! //
Θ
OO
IdDb(X) //
≃
OO
TX .
Θ˜
OO
(76)
Lemma 6.6 implies that Θ˜M is an isomorphism, for anyM ∈ P−1. Induction on triangles
show that Θ˜E is an isomorphism, for any E ∈ Hot
b(P−1). Since Db(X) ≃ Hot
−,b(P−1)
(see Proposition 4.5), Lemma 4.11 implies that Θ˜ is an isomorphism.
Corollary 6.8. There exists a natural isomorphism of functors
CAf ≃ IdDb(Af )[−4].
Proof. From Theorem 6.7 and morphism of triangles (76), it follows that functors Λ and
ΨΨ! are naturally isomorphic. Hence, by Lemma 6.4,
ΨΨ!Ψ ≃ Ψ⊕Ψ[−3].
By Formula (71), we have an isomorphism C−1X Ψ ≃ Ψ. Thus, applying (−)◦Ψ to diagram
(76) yields commuting diagram
ΛΨ // Ψ // Ψ[−2]
ΨΨ!Ψ //
≃
OO
Ψ
≃
OO
// TXΨ
≃
OO
It gives isomorphisms of functors
ΨCAf [1]
≃
−→ TXΨ[−1]
≃
−→ Ψ[−3]
(see formula (110) in Appendix B.3 for the first isomorphism). Functor Ψ|Af takes sheaf
E ∈ Af to E ∈ Coh(X). Hence, isomorphism ΨCAf ≃ Ψ[−4] implies that there exists an
isomorphism τ : CAf [4]|Af ≃ IdDb(Af ) |Af .
In order to construct functors Ψ and Ψ!, we have considered the homotopy category
of AP − AX DG bimodules. Hence, CAf is of the form TM , for some A − A DG module
M , see Appendix B.1. Since IdDb(Af ) ≃ TAP , assumptions of Lemma B.2 are satisfied and
we have: CAf [4] ≃ IdDb(Af ).
Corollary 6.9. Let f satisfy (a). Functor Ψ: Db(Af )→ Db(X) is spherical.
Proof. Functor Ψ has a right adjoint Ψ!.
By Theorem 6.7 and Corollary 6.8 functors TX and CAf are equivalences. Thus,
conditions (S1) and (S2) of Appendix B.3 are satisfied.
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7 Spherical pair
Lemma 7.1. Let f : X → Y satisfy (a) and let P be a projective object in Af . Then
p∗p
∗P ≃ P, Rp∗L1p∗P = 0 and Rp∗p∗P ≃ P.
Proof. By Corollary 4.18, the flop functor F+ induces an equivalence of Af+ and Af [1].
Hence, there exists projective P+ ∈ Af+ such that P[1] ≃ Rp∗Lp
+∗P+. Since Lip+∗P+ =
0, for i > 1, by Lemma 5.1, and Rp∗p
+∗P+ = 0, by Corollary 2.8, we have P ≃ p∗L1p+∗P+.
Then, according to Lemma 2.5, we have p∗p
∗P ≃ P and Rp∗L
1p∗P = 0. Since Rp∗Lp
∗P ≃
P, it follows that Rp∗p∗P ≃ P.
Lemma 7.2. Let f : X → Y satisfy (a) and let M be a projective object in −1Per(X/Y ).
There exists a distinguished triangle
p∗P → Lp+∗(f+∗f+∗ N
+)→ Lp∗M→ p∗P[1], (77)
for P := H−1X (ι
∗
fM) projective in Af and N
+ given by formula (38).
Proof. By Lemma 5.1, we have Ljp∗P = 0, for j > 1 and any projective object P in Af .
Thus, applying Lp∗ to sequence (13) and using the fact that M is locally free, we get an
isomorphism Ljp∗P ≃ Ljp∗(f ∗f∗M), for j > 0. Octahedron
p∗P // p∗f ∗f∗M // Lp∗M
Lp∗P //
OO
Lp∗(f ∗f∗M) //
OO
Lp∗M
≃
OO
L1p∗P[1] ≃ //
OO
L1p∗(f ∗f∗M) //
OO
0
OO
implies that triangle
p∗P → p∗f ∗f∗M→ Lp
∗M→ p∗P[1] (78)
is distinguished. We also have
p∗f ∗f∗M≃ Lp
+∗f+∗f+∗ N
+,
for N+ ∈ P+0 given by (38). Indeed, commutativity of diagram (36) implies that
p∗f ∗f∗M ≃ p+∗f+∗f∗M. Further, Lemma 4.2 yields f∗M ≃ f+∗ N
+. Finally, P+ =
H0X(ι
∗
f+N
+) is a projective object in Af+ , according to Lemma 3.6, hence L
jp+∗P+ = 0,
for j > 1 (by Lemma 5.1). Thus, applying p+∗ to sequence (25) on X+ yields
Ljp+∗(f+∗f+∗ N
+) = 0, for j > 0.
It follows that triangle (78) is isomorphic to triangle (77).
Proposition 7.3. Let f : X → Y satisfy (a) and let M be a projective object in
−1Per(X/Y ). Then p∗P ∈ Perf(X ×Y X+), HomX×Y X+(p
∗P, p∗P) ≃ HomX(P,P) and
ExtiX×YX+(p
∗P, p∗P) = 0, for i > 0, where P = H−1X (ι
∗
fM) is projective in Af .
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Proof. Sheaf M is locally free on X , hence Lp∗M ∈ Perf(X ×Y X
+). Sequence (35)
implies that f+∗f+∗ N
+ ∈ Perf(X+), hence Lp+∗f+∗f∗N is also a perfect complex on
X ×Y X+. Triangle (77) implies that p∗P ∈ Perf(X ×Y X+).
By adjunction and Lemma 7.1, we have HomX×YX+(p
∗P, p∗P) ≃ HomX(P,P). Thus,
it suffices to check that ExtiX×Y X+(p
∗P, p∗P) = 0, for i > 0. Applying Hom(−, p∗P) to
triangle (77) yields, for any i ∈ Z, an isomorphism
Exti+1X×YX+(Lp
∗M, p∗P) ≃ ExtiX×Y X+(p
∗P, p∗P),
because ExtjX×Y X+(Lp
+∗(f+∗f+∗ N
+), p∗P) ≃ ExtjX+(f
+∗f+∗ N
+, Rp+∗ p
∗P) = 0 (see
Corollary 2.8). Sheaf M is projective in −1Per(X/Y ) and P[1] ∈ −1Per(X/Y ). Thus,
by Lemma 7.1 again, we conclude that
Exti+1X×YX+(Lp
∗M, p∗P) ≃ Exti+1X (M, Rp∗p
∗P) ≃ ExtiX(M,P[1]) = 0,
for i 6= 0, which finishes the proof.
Let nowM be a projective generator of −1Per(X/Y ) and P = H−1X (ι
∗
fM). Denote by
AP := HomX×YX+(p
∗P, p∗P)
the endomorphism algebra of p∗P. Let Iqc(X ×Y X+) be the DG enhancement for
Dqc(X ×Y X+) (see Appendix B.1) and E ∈ Iqc(X ×Y X+) a lifting of p∗P. Put A˜P =
HomIqc(X×Y X+)(E , E). We can thus define a functor p
∗ : DGMod–A˜P → Iqc(X ×Y X+),
see Appendix B.1. Let p¯∗ denote the induced functor on homotopy categories.
Since P is a projective generator of Af , categories D(Af) and D(Mod–AP ) are
equivalent. As algebras AP and A˜P are quasi-isomorphic, we also have D(Mod–AP ) ≃
[SF–A˜P ], for the category SF–A˜P ⊂ DGMod–A˜P of semi-free AX DG modules, i.e. DG
modules that admit a filtration with direct sums of shifts of representable DG modules
as the graded factors of the filtration [Dri04]. Therefore, we can consider p¯∗ as a functor
D(Af)→ Dqc(X ×Y X+).
Proposition 7.4. Functor p¯∗ : D(Af)→ Dqc(X ×Y X+) is fully faithful.
Proof. By [Kel06, Lemma 4.2] in order to prove that functor D(Mod–AP ) → Dqc(X ×Y
X+) is fully faithful, it suffices to show that it induces a bijection HomD(Af )(P,P[n]) →
HomX×YX+(p
∗P, p∗P[n]), for any n ∈ Z and that p∗P ∈ Dqc(X×Y X
+) is compact. Both
statements follow from Proposition 7.3.
Functor p∗ restricts to a fully faithful functor Db(Af)→ D−(X×Y X+). We shall show
that Db(Af) is in fact a subquotient of Db(X×Y X+). Following an idea of M. Kapranov,
we show that the flop-flop functor is a spherical functor arising from a spherical pair.
7.1 Perverse schobers on a punctured disc
Recall the definition from [KS14].
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The category of perverse sheaves on a punctured disc is equivalent to the category
formed by diagrams of vector spaces and linear maps
E−
δ− //
E
γ−
oo
γ+ //
E+
δ+
oo
with γ−δ− = IdE−, γ+δ+ = IdE+ and such that γ−δ+ : E+ → E−, γ+δ− : E− → E+ are
invertible, see [KS14, Proposition 3.1].
M. Kapranov and V. Schechtman proposed a categorification of this data that lead
them to the definition of spherical pair. Namely, let E be a triangulated category and
E+, E− ⊂ E a pair of left admissible subcategories [Bon89]. Let δ± : E± → E be the
inclusions and γ± : E → E± their left adjoint functors. By j± : ⊥E± → E we denote the
inclusions of the left orthogonal complements and by k± : E → ⊥E± their right adjoints.
Definition 7.5. [KS14, Definition 3.4] The pair E± of left admissible subcategories is a
spherical pair if
• The composites γ+δ− : E− → E+, γ−δ+ : E+ → E− are equivalences,
• The composites k+j− : ⊥E− → ⊥E+, k−j+ : ⊥E+ → ⊥E− are equivalences.
Proposition 7.6. [KS14, Propositions 3.6, 3.7] Let E± ⊂ E be a spherical pair. Then
γ+|⊥E− :
⊥E− → E+ is a spherical functor. The associated spherical twists are identified
with the composites
γ+ δ− γ−δ+ : E+ → E+, k+ j− k−j+ :
⊥E− →
⊥E−.
7.2 Spherical pair (Db(Af), Db(Af+))
For a morphism f : X → Y satisfying (a) and its flop f+ : X+ → Y , we consider
K = {E ∈ D−(X ×Y X
+) |Rp∗(E) = 0, Rp
+
∗ (E) = 0} (79)
and quotient category D−(X×Y X
+)/K. Above, as in diagram (36), morphisms p and p+
denote the projections for X×Y X+. Since both p and p+ have fibers of relative dimension
bounded by one, category K inherits the standard t-structure from D−(X×Y X+) (Lemma
2.1). In particular, K ∈ K if and only if Hi(K) ∈ K, for all i ∈ Z.
Let MorK ⊂ D−(X ×Y X+) denote the category with objects as in D−(X ×Y X+)
and morphisms f : E → F such that the cone of f lies in K [Ver77, Nee01]. The quotient
category D−(X×Y X+)/K has the same objects as D−(X×Y X+). For any pair of objects
E, F , morphisms E → F in D−(X ×Y X+)/K are equivalence classes of triples (f, Z, g),
where Z
f
−→ E is a morphism in MorK and Z
g
−→ F is a morphism in D−(X ×Y X+). We
have (f, Z, g) ∼ (f ′, Z ′, g′) if there exists a triple (f ′′, Z ′′, g′′) and Z ′′
u
−→ Z, Z ′′
v
−→ Z ′ for
which diagram
Z
f
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥ g
  ❆
❆❆
❆❆
❆❆
❆
E Z ′′f ′′oo g′′ //
u
OO
v

F
Z ′
f ′
``❆❆❆❆❆❆❆❆ g′
>>⑥⑥⑥⑥⑥⑥⑥⑥
(80)
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commutes, cf. [Nee01].
We denote by Kb the intersection K∩Db(X×Y X+). The embedding Db(X×Y X+)→
D−(X ×Y X+) induces a functor
Θ: Db(X ×Y X
+)/Kb → D−(X ×Y X
+)/K. (81)
Lemma 7.7. Functor Θ is fully faithful.
Proof. It is clear from the above definitions that Θ is well-defined. Let us check that Θ
is faithful. To this end, we assume that (f, Z, g), (f ′, Z ′, g′) are morphisms E1 → E2 in
Db(X×Y X+)/Kb which are equivalent as morphisms in D−(X×Y X+)/K. Let (f ′′, Z ′′, g′′)
with Z ′′ ∈ D−(X ×Y X+) be the triple defining the equivalence as in (80). Choose l ∈ Z
such that E1, E2, Z and Z
′ belong to Db(X ×Y X+)
≥l. Then
Hi(Cone(τ≥lf
′′)) =
{
Hi(Cone(f ′′)), for i ≥ l − 1,
0, for i < l − 1,
(82)
implies that all cohomology sheaves of Cone(τ≥lf
′′) belong to K, i.e. Cone(τ≥lf ′′) is an
object in Kb. The truncation τ≥l of diagram (80) is isomorphic to the original diagram on
the boundary diamond, while the middle line (τ≥lf
′′, τ≥lZ
′′, τ≥lg
′′) defines a morphism in
Db(X ×Y X
+)/Kb. Hence, (f, Z, g) ∼ (f ′, Z ′, g′) holds in Db(X ×Y X
+)/Kb.
Finally, let (f, Z, g) be a morphism E1 → E2 in D−(X ×Y X+)/K and assume there
exists l ∈ Z such that both Hi(E1) and Hi(E2) vanish, for i ≤ l. Then (82) implies that
τ≥lf ∈ MorK. Hence, (τ≥lf, τ≥lZ, τ≥lg) is a morphism E1 → E2 in Db(X×Y X+)/Kb which
functor Θ takes to a morphism equivalent to (f, Z, g). Thus, functor Θ is also full.
In view of Lemma 7.7, we can regard Db(X ×Y X+)/Kb as a full subcategory of
D−(X ×Y X+)/K.
Proposition 7.8. The composite of Lp∗ : Db(X) → D−(X ×Y X
+) with the quotient
functor Q : D−(X ×Y X+)→ D−(X ×Y X+)/K takes Db(X) to the essential image of Θ.
Proof. Let E ∈ Db(X)≥l. Since p has fibers of relative dimension bounded by one and
Rp∗Lp
∗(E) ≃ E, we have Rp∗H
j(Lp∗E) = 0, for j < l − 1.
As −1Per(X/Y ) is obtained from Coh(X) by means of the tilt in a torsion pair,
sequence (26) implies that Hj−1Per(X/Y )(E) = 0, for j < l. By Corollary 4.18, object
Rp+∗ Lp
∗(E) lies in Db(X+)≥l0Per(X+/Y ). Category Coh(X
+) is obtained from 0Per(X+/Y )
by the tilt in a torsion pair, hence Rp+∗ Lp
∗E ∈ Db(X+)
≥l−1
X+ . Finally, the relative dimension
fibers of p+ being bounded by one implies that Rp+∗H
j(Lp∗E) = 0, for j < l − 2.
Thus, τ≤l−3Lp
∗E lies in K, i.e. morphism Lp∗E → τ≥l−2Lp∗E is an isomorphism in
D−(X ×Y X+)/K.
We denote by
L˜p∗ : Db(X)→ Db(X ×Y X
+)/Kb
the functor invoked by Lemma 7.7 and Proposition 7.8.
In order to show existence of a right adjoint to L˜p∗, we first prove the following general
statement.
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Lemma 7.9. Let D be a triangulated category and K a thick triangulated subcategory.
Let further E ∈ D be such that HomD(E,K) = 0, for any K ∈ K. Then, for any F ∈ D,
we have an isomorphism
HomD(E, F )
≃
−→ HomD/K(E, F ).
Proof. We have the map
α : HomD(E, F )→ HomD/K(E, F ), α : h 7→ (id, E, h).
Let now (f, Z, g) be any element in HomD/K(E, F ). By definition, f is a morphism in
MorK. In other words we have a distinguished triangle
Z
f
−→ E → K → Z[1],
with K ∈ K. Since both HomD(E,K) and HomD(E,K[−1]) vanish, object Z is uniquely
decomposed as Z ≃ K[−1] ⊕ E and f = (0, id) is the projection to E. Accordingly, we
have a decomposition g = (gK , gE). Diagram
K[−1]⊕E
(0,id)
yyss
ss
ss
ss
ss (gK ,gE)
%%❑
❑❑
❑❑
❑❑
❑❑
❑
E E
idoo
(0,id)
OO
gE // F
commutes, i.e. (f, Z, g) ∼ (id, E, gE). Thus, map α is surjective.
Let now (id, E, g) ∼ (id, E, g′) in D/K. For the triple (f ′′, Z ′′, g′′) giving the
equivalence (see diagram (80)), we have, as above, the decomposition Z ′′ = K ′′[−1]⊕ E.
Commutativity of
E
id
vv❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
g
((❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
E K ′′[−1]⊕ E(0,id)oo (g′′K ,g′′E) //
(0,id)
OO
(0,id)

F
E
id
hh❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘❘
g′
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
yields g = g′′E = g
′, i.e. α is also a monomorphism.
Proposition 7.10. Functor L˜p∗ is fully faithful and has the right adjoint Rp∗ : D
b(X ×Y
X+)/Kb → Db(X).
Proof. First, note that functor Rp∗ : Db(X ×Y X+)/Kb → Db(X) is well-defined, because
Kb ⊂ KerRp∗.
For any E ∈ Db(X) and F ∈ D−(X ×Y X+), we have an isomorphism
HomX×YX+(Lp
∗E, F ) ≃ HomX(E,Rp∗F ). Since functor Θ is fully faithful (Lemma
7.7), in order to prove that Rp∗ is right adjoint to L˜p
∗, it suffices to show that, for
any F ∈ D−(X ×Y X+), we have
HomX×YX+(Lp
∗E, F ) ≃ HomD−(X×Y X+)/K(Lp
∗E, F ). (83)
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By adjunction, HomX×YX+(Lp
∗E,K) = 0, for any K ∈ K, thus (83) follows from Lemma
7.9.
Since functor Lp∗ : Db(X) → D−(X ×Y X+) is fully faithful, isomorphism (83), for
F = Lp∗(E ′), implies that functor L˜p∗ is fully faithful too.
Since Rp∗L˜p
∗ ≃ IdDb(X), we have a semi-orthogonal decomposition [Bon89, Lemma
3.1]
Db(X ×Y X
+)/Kb = 〈C, L˜p∗Db(X)〉, (84)
with C = {E ∈ Db(X ×Y X+)/Kb |Rp∗E = 0}. We aim at showing that C ≃ Db(Af+).
By Proposition 7.3, we know that, for a projective object M ∈ −1Per(X/Y ) and
P = H−1X ι
∗
fM, the endomorphisms algebras of p
∗P and P are isomorphic. Next, we show
that they remain the same when we pass to the quotient category D−(X ×Y X+)/K.
Lemma 7.11. Let P be as above. Then, for any E ∈ D−(X ×Y X+),
HomX×Y X+(p
∗P, E) ≃ HomD−(X×YX+)/K(p
∗P, E).
Proof. By Lemma 7.9, it suffices to check that HomX×Y X+(p
∗P, K) = 0, for any K ∈ K.
It immediately follows from applying Hom(−, K) to triangle (77).
Consider the composite functor
p˜∗ : Db(Af)
p¯∗|
Db(Af )
−−−−−→ D−(X ×Y X
+)
Q
−→ D−(X ×Y X
+)/K,
where Q denotes the quotient functor and p∗ is as in Proposition 7.4. Recall that we
assume Y = SpecR to be affine and Noetherian. Endomorphism algebra AP of P is
finite over R, hence Noetherian. Thus, the category mod–AP of finitely generated right
AP modules is abelian. Since P is a projective generator of Af , Db(Af) is equivalent to
Db(mod–AP ). Using this equivalence and taking into account Proposition 7.3, we can
define p˜∗, right adjoint to p˜
∗, as
p˜∗ : D
b(X ×Y X
+)→ Db(mod–AP ), p˜∗ : E 7→ RHomX×YX+(p
∗P, E). (85)
Finally, let P be the category of projective objects in Af of the form H
−1
X (ι
∗
fM), forM∈
P−1. Since there is no non-trivial extension of objects in P, it is an exact subcategory
of Af . Moreover, for any E ∈ Af , there exists M ∈ P−1 and ϕ : M→ E[1], surjective
in −1Per(X/Y ). As functor ιf∗ : Af [1]→ −1Per(X/Y ) is t-exact, its left adjoint ι∗f is right
exact, i.e. morphism H−1X (ι
∗
fM) → H
−1
X (ι
∗
fE[1]) ≃ E is surjective in Af . This implies
that
Db(Af) ≃ Hot
−,b(P).
The last equivalence allows us to view p˜∗ as a functor
p˜∗ : Hot−,b(P)→ D−(X ×Y X
+)/K. (86)
From the definition of p∗ on DGMod–A˜P , it follows that p˜
∗ is the term-wise extension of
the functor p∗ : P → D−(X ×Y X+)/K.
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Lemma 7.1 implies that the adjunction unit Id → p˜∗p˜
∗ is an isomorphism on P. By
Lemma 4.11 we have an isomorphism
IdDb(Af ) → p˜∗p˜
∗ (87)
of functors Db(Af)→ Db(Af).
Lemma 7.12. There exists an isomorphism Rp∗p˜
∗ ≃−→ Ψ of functors Hot−,b(P)→ Db(X).
Proof. Lemma 7.1 implies that the adjunction unit gives an isomorphism Ψ|P
≃
−→ p∗p∗|P
of functors P → Coh(X). Since functor Ψ takes Hot−,b(P) to Db(X), we conclude by
Lemma 4.11 that the term-wise extension of p∗p
∗ to the category Hot−,b(P) is isomorphic
to functor Ψ.
Let now P· be a complex in Hot
−,b(P) and F = p˜∗P·. Lemma 7.1 implies that the
first layer of spectral sequence
Eq,r1 = R
qp∗p
∗Pr ⇒ R
q+rp∗F.
has one non-zero row only. Hence, Rp∗F is quasi-isomorphic to p∗p
∗P·, which finishes the
proof.
Proposition 7.13. There exists a fully faithful functor
p˜∗ : Db(Af)→ D
b(X ×Y X
+)/Kb.
Proof. Proposition 7.4 implies that p˜∗ : Db(Af) → D−(X ×Y X+) is fully faithful. In
order to show that the composite Db(Af)
p˜∗
−→ D−(X ×Y X+)
Q
−→ D−(X×Y X+)/K is fully
faithful, we check that, for any E ∈ Db(Af ) and F ∈ D−(X ×Y X+), we have
HomX×YX+(p˜
∗E, F ) ≃ HomD−(X×Y X+)/K(p˜
∗E, F ).
By Lemma 7.9, it suffices to check that Hom(p˜∗E,K) = 0, for any E ∈ Db(Af ) and
any K ∈ K. By induction on triangles, Lemma 7.11 implies that, for any i ∈ Z,
Hom(σ≥ip˜
∗E,K) = 0. Since, for any P ∈ P, the space Hom(p∗P,K) vanishes, we
have Extj((p˜∗E)i, K) = 0, for any i and j. It then follows from Lemma D.2 that
Hom(p˜∗E,K) = 0.
Thus, it suffices to show that functor p˜∗ takes Db(Af) to the image of Db(X×Y X+)/Kb
in D−(X ×Y X+)/K, see (81). Consider E ∈ Db(Af). We shall show that p˜∗E is quasi-
isomorphic in D−(X ×Y X+)/K to a complex with bounded cohomology. To this end, we
shall find N such that τ<N p˜
∗E is an object in K.
First, we note that Rp+∗ (p
∗Pi) = 0, for any i ∈ Z (Corollary 2.8). Thus, the term-wise
definition of p˜∗ (86) implies that Rp+∗ (p˜
∗E) = 0 and, as p+ has fibers of relative dimension
bounded by one, Rp+∗H
i(p˜∗E) = 0, for any i ∈ Z (see Lemma 2.1).
By Lemma 7.12, we have Rp∗p˜
∗E ≃ Ψ(E) ∈ Db(X)≥k, for some k ∈ Z. Since p has
fibers of relative dimension bounded by one, it follows that Rp∗Hi(p˜∗E) = 0, for i < k−1.
Thus, τ<k−1p˜
∗E lies in K.
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Lemma 7.14. Let M be a projective generator of −1Per(X/Y ) and put P = H−1X (ι
∗
fM).
Further, let C ∈ D−(X ×Y X+) be such that Rp+∗ C = 0 and RHomX×YX+(p
∗P,C) = 0.
Then Rp∗C = 0.
Proof. Applying RHomX×YX+(−, C) to triangle (77) yields, RHomX×Y X+(Lp
∗M, C) ≃
RHomX(M, Rp∗C) = 0. SinceM is a compact generator of Dqc(X), cf. [VdB04, Lemma
3.2.2] and proof of Proposition 4.7, it follows that Rp∗C = 0.
Proposition 7.15. Category Db(X ×Y X
+)/Kb admits a semi-orthogonal decomposition
Db(X ×Y X
+)/Kb = 〈p˜∗Db(Af ), L˜p
+∗Db(X+)〉.
Proof. Since p˜∗ is defined term-wise, Corollary 2.8 implies that Rp+∗ ◦ p˜
∗ = 0. In view
of semi-orthogonal decomposition (84) and Proposition 7.13, it suffices to show that any
E ∈ Db(X ×Y X+)/Kb such that Rp+∗ E = 0 is isomorphic to p˜
∗F , for some F ∈ Db(Af).
Consider triangle
p˜∗p˜∗(E)→ E → CE → p˜
∗p˜∗(E)[1] (88)
in D−(X ×Y X+). Since Rp+∗ E = 0 and Rp
+
∗ p˜
∗(F ) = 0, for any F ∈ Db(Af), by applying
Rp+∗ to triangle (88) we obtain Rp
+
∗ CE = 0. In view of isomorphism (87), by applying p˜∗ to
triangle (88), we get p˜∗CE = 0. By formula (85), RHom(p
∗P, CE) = 0. By Lemma 7.14,
Rp∗CE = 0, i.e. CE ∈ K. Hence, p˜
∗p˜∗E → E is an isomorphism in D
b(X×Y X
+)/Kb.
The following Corollary gives a geometric description for the category Db(Af).
Corollary 7.16. We have an equivalence of categories
Db(Af ) = {E ∈ D
b(X ×Y X
+) |Rp+∗ (E) = 0}/K
b.
Proposition 7.15 implies the existence of p˜! : Db(X ×Y X+)/Kb → Db(Af), left adjoint
to p˜∗, which is defined by distinguished triangle of functors
L˜p+∗Rp+∗ → Id→ p˜
∗p˜! → L˜p
+∗Rp+∗ [1]. (89)
Corollary 7.17. Functor Ψ: Db(Af)→ Db(X) has a left adjoint Ψ∗ : Db(X)→ Db(Af).
Proof. By Lemma 7.12, we have an isomorphism Rp∗p˜
∗ ≃ Ψ of functorsDb(Af )→ D
b(X).
Thus, Ψ∗ = p˜! ◦ L˜p∗ is left adjoint to Ψ.
Theorem 7.18. Categories (Db(Af ),Db(Af+)) ⊂ D
b(X ×Y X+)/Kb form a spherical
pair. Functor Ψ∗ : Db(X)→ Db(Af) spherical. The corresponding spherical cotwist is the
flop-flop functor F+F .
Proof. By Corollary 7.17, we have Ψ∗ = p˜! ◦ L˜p∗. In view of Proposition 7.15, we have
diagrams
Db(X)
L˜p∗ //
Db(X ×Y X+)/Kb
Rp∗
oo
Rp+∗ //
Db(X+)
L˜p+∗
oo
Db(Af+)
p˜+∗ //
Db(X ×Y X+)/Kb
p˜+!
oo
p˜! //
Db(Af)
p˜∗
oo
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Moreover, composites Rp+∗ ◦ L˜p
∗ : Db(X) → Db(X+), Rp∗ ◦ L˜p
+∗ : Db(X+) → Db(X) are
equivalences (see Corollary 4.17).
By Definition 7.5, in order to check that (Db(Af),Db(Af+)) form a spherical pair, it
suffices to show that the composites p˜+! ◦ p˜
∗ and p˜! ◦ p˜+∗ are equivalences.
By Lemma 7.12, we have Rp+∗ p˜
+∗ ≃ Ψ+. Thus, sequence (89) composed with p˜+∗ reads
L˜p+∗Ψ+ → p˜+∗ → p˜∗ p˜! p˜
+∗ → L˜p+∗Ψ+[1]. (90)
In view of Lemma 7.12, we have Ψp˜! p˜
+∗ ≃ Rp∗ p˜∗ p˜! p˜+∗. Thus, by applying Rp∗ to triangle
(90) we obtain an isomorphism
Ψp˜! p˜
+∗ ≃−→ Rp∗L˜p
+∗Ψ+[1], (91)
because Rp∗p˜
+∗ = 0, by Corollary 2.8 and term-wise definition of p˜∗.
By Corollary 4.18, the flop functor induces an equivalence of Af+ and Af [1].
Isomorphism (91) implies that p˜!p˜
+∗[−2] is an exact functor Db(Af+) → D
b(Af), which
is an equivalence on abelian categories. Hence, it is an equivalence itself, see Lemma 7.19
below. Similar argument shows that p˜+! ◦ p˜
∗ : Db(Af)→ Db(Af+) is an equivalence.
Lemma 7.19. Let G : Db(A)→ Db(B) be an exact functor such that G|A : A → B is an
equivalence of abelian categories. Then G is an equivalence.
Proof. Denote by G¯ : Db(A)→ Db(B) the derived functor of G|A : A → B. Then G|A[n] ≃
G¯|A[n], for any n ∈ Z. FunctorsG and G¯ define maps GA1,A2, G¯A1,A2 : HomDb(A)(A1, A2)→
HomDb(B)(G(A1), G(A2)), for A1 ∈ A[n] and A2 ∈ A[n + 1]. Since G|A is an exact
functor, maps GA1,A2 and G¯A1,A2 coincide. Moreover, they are isomorphisms, as G¯ is an
equivalence.
For A1 ∈ A[n] and A2 ∈ A[n+k], morphism α ∈ HomDb(A)(A1, A2) can be decomposed
as α = αk ◦ . . . ◦ α1, for αi ∈ HomDb(A)(A
′, A′′) with A′ ∈ A[n+ i− 1] and A′′ ∈ A[n+ i].
It follows that G(α) = G(αk) ◦ . . . ◦ G(α1) = G¯(αk) ◦ . . . ◦ G¯(α1) = G¯(α). In particular,
functor G is fully faithful on full subcategory
⊕
n∈ZA[n] of D
b(A). By induction on
triangles, G is fully faithful on Db(A).
Finally, the restrictionG|A : A → B is essentially surjective. The induction on triangles
again implies that functor G is essentially surjective, which finishes the proof.
8 Contraction algebra as the endomorphism algebra
of a projective generator
In [DW13] W. Donovan and M. Wemyss considered a morphism f : X → Y between
Gorenstein varieties of dimension three that contracts a rational irreducible curve C to a
point. If Y is a spectrum of a complete local Noetherian ring, the category −1Per(X/Y )
has projective generator. In [DW13] a contraction algebra Acon is defined as the quotient
of the endomorphism algebra of the projective generator for −1Per(X/Y ) by morphisms
which factor throughOX . Algebra Acon is shown to govern non-commutative deformations
ofOC(−1). If NX/C ≃ OC⊕OC(−2), algebra Acon is commutative and was first considered
in terms of deformation theory by Y. Toda in [Tod07].
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We prove in our, more general, set-up that Acon is isomorphic to the endomorphism
algebra of a projective generator for Af . We later describe how the category Af is related
to deformations of simple objects in Af .
Theorem 8.1. Let f satisfy (c),Mi be as in (16), and Pi as in (17). The endomorphism
algebra
AP = HomAf (
n⊕
i=1
Pi,
n⊕
i=1
Pi)
is isomorphic to the quotient of HomX(
⊕n
i=1Mi,
⊕n
i=1Mi) by the subspace of morphisms
that factor via direct sums of copies of the structure sheaf.
Proof. Lemmas 6.2 and 6.6 imply ΨΨ!(Mi) ≃ Λ(Mi) ≃ ΨPi[−2]. Since Ψ|Af is fully
faithful, we have Ψ!(Mi) ≃ Pi[−2]. Thus, functor Ψ! gives a homomorphism of algebras
ϕ : HomX(M,M)→ AP = HomDb(Af )(Ψ
!M,Ψ!M) ≃ HomX(ΨΨ
!M,M),
whereM =
⊕
iMi. Triangle (63) implies that the morphism ϕ fits into an exact sequence
HomX(TXM,M)
ψ
−→ HomX(M,M)
ϕ
−→ HomX(ΨΨ
!M,M)→ HomX(TXM[−1],M)
By Corollary 4.17 and Theorem 6.7, we have
HomX(TXM[−1],M) ≃ HomX(F
−1F+
−1
(M)[−1],M) ≃ Ext1X+(F
+−1(M), F (M)).
Proposition 4.16 implies that F+
−1
(M) ≃ N+ is a projective object in 0Per(X+/Y ).
On the other hand, F (M) ≃ f+∗f∗M by Proposition 5.4. By Lemma 4.2, f+∗f∗M ≃
f+∗f+∗ N
+. Then, Lemma 2.5 implies that R1f+∗ (f
+∗f∗M) = 0, i.e. f+∗f∗M is an object
in 0Per(X+/Y ) (see Remark 2.2 and formula (8) therein). Thus,
HomX(TXM[−1],M) ≃ Ext
1
X+(N
+, f+∗f∗M) ≃ Ext
1
0Per(X/Y +)(N
+, f+∗f∗M) = 0,
i.e. morphism ϕ is surjective.
Let us now describe the image of ψ. Triangle (53) with roles ofX andX+ interchanged,
when applied to N+, gives a distinguished triangle
M[−2]→ TXM→ Lg
∗Rg∗M[−1]→M[−1],
as TXM ≃ F
−1(N+), Rg+∗ N
+ ≃ Rg∗M, and F
+(N+) ≃ M. Since Ext1X(M,M) =
0 = Ext2X(M,M), we have: HomX(M, TXM) ≃ HomX(M, Lg
∗Rg∗M[−1]) and
HomX(TXM,M) ≃ HomX(Lg∗Rg∗M[−1],M). Thus, a morphismM→M decomposes
as M → TXM → M if an only if it decomposes as M → Lg∗Rg∗M[−1] → M. By
Lemma 3.10, object Lg∗Rg∗M is quasi-isomorphic to a complex {OSX → O
S
X}, for some
S ∈ Z+. Thus, “stupid” truncation gives a distinguished triangle
OSX [−2]→ O
S
X → Lg
∗Rg∗M[−1]→ O
S
X [−1].
Since Ext1X(O
S
X ,M) = 0 = Ext
2
X(O
S
X ,M), we have: HomX(M, Lg
∗Rg∗M[−1]) ≃
HomX(M,OSX) and HomX(Lg
∗Rg∗M[−1],M) ≃ HomX(OSX ,M). Hence, a morphism
M→M factors via Lg∗Rg∗M[−1] if and only if it factors via OSX .
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Therefore, the image of ψ is contained in the space of morphismsM→M that factor
via OSX . Conversely, for a projective generator P of Af ,
RHomDb(Af )(Ψ
!M,Ψ!OX) ≃ RHomDb(Af )(P,Ψ
!OX [2]) ≃ RHomX(ΨP,OX [2])
≃ RHomX(ΨP, f
!OY [2]) ≃ RHomY (Rf∗ΨP,OY [2]) = 0,
which implies that the space of morphismsM→M that factor via direct sums of copies
of OX is annihilated by Ψ!, i.e. it is contained in the kernel of ϕ.
9 Categorification of non-commutative deformation
theory and null category
9.1 Quasi-coherent sheaves via the functor of points
Here we recall some well-known facts about the functor of points for a scheme and the
fact that a quasi-coherent sheaf can be thought of just as a presheaf on the category of
points with a suitable property that has nothing to do with (Grothendieck) topology, cf.
[Orl03]. This provides a simple way of thinking about non-commutative deformations of
quasi-coherent sheaves in terms of presheaves with an additional structure.
Let X be a quasi-compact quasi-separated scheme. X is determined by its functor of
points
hX : Aff→ Sets, hX(SpecB) = Hom(SpecB,X).
Elements of hX(SpecB) are called B-points of X . For a commutative algebra A, we
denote by hA the functor hSpecA. Let X =
⋃
SpecAi be an open covering of X such that
SpecAi ∩ SpecAj = SpecAij . Then functor hX is a coequalizer of diagram⊔
hAij
//
//
⊔
hAi
// hX
in the category of sheaves with respect to an appropriate Grothendieck topology on Aff.
The category Aff is endowed with a presheaf of rings
O : Aff→ Rings, O : SpecB 7→ B.
Given a functor h : Aff→ Sets, we have the relative category of points in h
Aff/h = {(B, s) |B ∈ Affopp, s ∈ h(SpecB)}
with morphisms
HomAff/h((B1, s1), (B2, s2)) = {ϕ ∈ HomAff(SpecB1, SpecB2) | h(ϕ)(s2) = s1}.
Note that h is a contravariant functor, hence ϕ ∈ HomAff(SpecB1, SpecB2) gives us
h(ϕ) ∈ HomSets(h(SpecB2), h(SpecB1)).
Let F be a quasi-coherent sheaf on X and let sX ∈ hX(SpecB) be a B-point of
X . Then s∗XF is a quasi-coherent sheaf on SpecB, i.e. a B-module, which we denote
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by M(SpecB, sX). Moreover, for any morphism α : SpecC → SpecB corresponding to
αopp : B → C, sheaves α∗s∗XF and (sX ◦α)
∗F are isomorphic. In other words, we have an
isomorphism of C-modules:
M(SpecB, sX)⊗B C ≃M(SpecC, sX ◦ α).
The above construction defines an equivalence of the category of quasi-coherent sheaves
on X with the category of presheaves M on Aff/hX of O-modules such that, for any
morphism ϕ : (B1, s1)→ (B2, s2), the canonical morphism
M(SpecB2, s2)→M(SpecB1, hX(ϕ)(s2))
of B2 modules gives an isomorphism
M(SpecB2, s2)⊗B2 B1
≃
−→M(SpecB1, hX(ϕ)(s2))
of B1 modules. IfX has a coherator then the category of quasi-coherent sheaves is abelian.
Let f : X → Y be a morphism of schemes. Composition with f defines a functor
Aff/hX → Aff/hY . Let F be a quasi-coherent sheaf of OY -modules and MF be the
presheaf on Aff/hY corresponding to F . For (B, s) ∈ Aff/hX ,
Mf∗F (SpecB, s) =MF (SpecB, f ◦ s)
defines a presheaf on Aff/hX corresponding to the sheaf f
∗F .
Let A be a (not necessarily commutative) algebra over a field k. We define presheaf
of algebras A⊗O on the category of affine k-schemes by
A⊗O : Affk → Rings, A⊗O : SpecB → A⊗k B.
Let now X be a k-scheme. If F is a quasi-coherent sheaf of left A⊗OX modules then,
for any B-point s ∈ hX(B), moduleM(SpecB, s) has a structure of a left A⊗B-module.
As above, the category of quasi-coherent A⊗OX modules is equivalent to the category of
presheaves M on Affk /hX of S ⊗OX -modules such that, for any ϕ : (B1, s1)→ (B2, s2),
M(SpecB2, s2)⊗B2 B1
≃
−→M(SpecB1, hX(ϕ)(s2))
is an isomorphism of A⊗B1-modules.
Proposition 9.1. Let A be a unital commutative k-algebra and X a k-scheme. The
category of quasi-coherent sheaves on X × SpecA is equivalent to the category of quasi-
coherent A⊗OX modules on X.
Proof. Let F be a quasi-coherent sheaf on X × SpecA and let s : SpecB → X be a
B-point of X . For the fibered product
SpecB × SpecA s˜ //

X × SpecA

SpecB
s // X,
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s˜∗F is a sheaf on SpecB × SpecA ≃ Spec(A ⊗ B), i.e. an A ⊗ B module. This way we
define a presheaf on Affk/hX which corresponds to a sheaf of A⊗OX modules.
Conversely, let G be a sheaf of A ⊗ OX modules and let s = (sX , sA) : SpecB →
X × SpecA be a B-point. Morphism sX : SpecB → X yields A ⊗ B module s∗XG.
On the other hand, sA : SpecB → SpecA corresponds to a homomorphism of algebras
tA : A→ B. The composite A⊗ B
tA⊗Id−−−→ B ⊗ B
µ
−→ B endows B with an A⊗ B module
structure. Then s∗XG⊗A⊗B B is the B module corresponding to the B-point s.
9.2 Non-commutative deformations of n objects
The deformation theory of sheaves on a k-scheme X considers sheaves on a product of X
with the spectrum of an auxiliary commutative local Artinian algebra A. Proposition 9.1
allows us to consider sheaves of A⊗OX modules instead. From this perspective, we can
replace A by a non-commutative algebra and study non-commutative deformations.
First, let cArtk be the category of unital commutative finite dimensional local Artinian
k-algebras with residue field k. Let further X be a k-scheme and A ∈ cArtk with maximal
ideal m. Any OX module can be considered as an A ⊗ OX module with an A module
structure induced by A→ A/m. Let F0 ∈ Coh(X) be a coherent sheaf. Functor
DefF0 : cArtk → Sets (92)
assigns to any A ∈ cArtk the set of isomorphisms classes in the category of pairs of
(F, ϕ : F → F0), where F is an A ⊗ OX module flat over A and ϕ is a morphism of
A⊗OX modules which induces an isomorphism A/m⊗A F
≃
−→ F0 of OX modules.
For a morphism α : A → A′ of unital algebras (not necessarily commutative), we
denote by α∗ : mod–A
′ → mod–A the restriction of scalars and by α∗ its left adjoint
α∗ : NA 7→ N ⊗A A
′.
For α ∈ HomcArtk(A,A
′) and (F, ϕ) ∈ DefF0(A), the pair α
∗(F, ϕ) = (F ′, ϕ′) ∈
DefF0(A
′) is given by: F ′ = α∗F , ϕ′ : α∗F
α∗ϕ
−−→ α∗F0 ≃ α
∗α∗F0
ε
−→ F0.
A complete local ring R pro-represents DefF0 if there exists an isomorphism of functors
Hom(R,−) ≃ DefF0(−). IfX is projective, then DefF0 is always pro-representable, [Har10,
Theorem 19.2]. Let R be an algebra pro-representing DefF0 and let (Fˆ , ϕˆ) ∈ DefF0(R) be
the universal pair. Then, for any A ∈ cArtk and α 6= β ∈ Hom(R,A), pairs α∗(Fˆ , ϕˆ) and
β∗(Fˆ , ϕˆ) are not isomorphic.
If algebra A is non-commutative, the picture is more involved. Namely, let F0 ∈
Coh(X) be a sheaf and let F be an A ⊗ OX module, flat over A, for some unital local
Artinian k-algebra A with residue field A/m ≃ k. Morphism A → A/m allows us to
consider F0 as an A ⊗ OX module. Let ϕ : F → F0 be a morphism of A ⊗ OX modules
that induces an isomorphism A/m⊗A F ≃ F0. Analogously as in the commutative case,
for a homomorphism α : A→ A′ we define
α∗(F, ϕ) = (α∗F, α∗F
α∗ϕ
−−→ α∗F0 ≃ α
∗α∗F0
ε
−→ F0). (93)
Lemma 9.2. Let F0, F and ϕ be as above. For any α, β : A→ A′ such that β = u−1αu,
for some invertible element u ∈ A′, pairs α∗(F, ϕ) and β∗(F, ϕ) are isomorphic.
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Proof. It is enough to look at B points of X , i.e. consider an A ⊗ B module M and a
B module M0 together with ϕ : M → M0. It is easy to check that the homomorphism
γM : A
′
α ⊗A M ≃ α
∗M
≃
−→ β∗M ≃ A′β ⊗A M , given by a ⊗m 7→ au ⊗m, is well-defined.
Let λ = [u] be the image of u under the map A→ A/m ≃ k. Diagram
β∗M
β∗ϕ // β∗M0 //M0
α∗M
λ−1 γM ≃
OO
α∗ϕ
// α∗M0 //
λ−1γM0≃
OO
M0
id
OO
commutes, which proves that α∗(M,ϕ) ∼ β∗(M,ϕ).
We say that morphisms α, β : A→ A′ are conjugate if there exists an invertible element
u ∈ A′ such that β = u−1αu.
In order to generalize the deformation functor (92) to a functor ncDefF0 defined on
non-commutative algebras and such that ncDefF0 can be pro-represented, we consider the
category ncArtk of local unital Artinian k algebras with residue field k. Morphisms in
ncArtk are conjugacy classes of homomorphisms of algebras. One can easily see that the
composition of morphisms is well-defined.
We define functor ncDefF0 : ncArtk → Sets
ncDefF0(A) = {(F, ϕ : F → F0) |F is a sheaf of A⊗OX modules, flat over A,
ϕ is a morphism of A⊗OX modules inducing A/m⊗ F
≃
−→ F0}/ ∼,
(94)
where (F, ϕ) ∼ (G,ψ) if diagram
F
γ
≃
//
ϕ   ❅
❅❅
❅❅
❅❅
❅ G
ψ~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
F0
commutes, for an isomorphism γ of A ⊗ OX modules. For β : A → A′ and a pair (F, ϕ)
in ncDefF0(A), we define β
∗(F, ϕ) as in (93).
In order to simultaneously deform n sheaves, we introduce the following generalisation
of the category ncArtk.
Denote by Basn the category of basic unital finite dimensional k-algebras A such
that A/radA ≃ k⊕n together with a linear order on the set of n pairwise different
homomorphisms αi : A → k. For A,A′ ∈ Basn, we define HomBasn(A,A
′) to be the
set of conjugacy classes of morphisms ψ : A → A′ such that α′iψ = αi, for i = 1, . . . , n.
Analogously to the case of ncArtk, one can check that the composition of morphisms in
Basn is well-defined. Moreover, categories Bas1 and ncArtk are equivalent.
Let now F1, . . . , Fn ∈ Coh(X) be sheaves. For an algebra A ∈ Basn, put mi = kerαi.
By generalising (94), we define a functor ncDefF1,...,Fn : Basn → Sets
ncDefF1,...,Fn(A) ={(F, {ϕi : F → Fi}
n
i=1) |F is an A⊗OX module flat over A,
for i ∈ {1, . . . , n}, ϕi is a morphism of A⊗OX modules
that induces an isomorphism A/mi ⊗ F
≃
−→ Fi}/ ∼,
(95)
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where (F, {ϕi}) ∼ (G, {ψi}) if there exists an isomorphism γ : F
≃
−→ G of A⊗OX modules
such that ψiγ = ϕi, for i = 1, . . . , n.
9.3 Categorification
We shall take a more categorical point of view on the functor ncDefF1,...,Fn. First, we
introduce category Finn equivalent to Basn.
Let A be an essentially small k-linear abelian category. We say that A satisfies
condition (†) if
every M ∈ A is of finite length and, for any M,M ′ ∈ A,
dimk HomA(M,M
′), dimk Ext
1
A(M,M
′) are finite.
(†)
Let A satisfy (†) and B ⊂ A be a full subcategory closed under direct sums and
subquotients. Then the inclusion functor iB : B → A has both left and right adjoint,
i∗B and i
!
B, [Del90].
We say that category A is finite if it satisfies (†) and if it has a projective generator,
i.e. when A is equivalent to the category of finite dimensional modules over an algebra
of finite rank over k (see [Del90] for the proof). Note that, if a finite category A has
one isomorphism class of simple modules, then A is equivalent to modfd–A, for some
A ∈ ncArtk. We shall extend this to an equivalence of categories in Theorem 9.3 below.
Recall that an object of an abelian category is simple if it has no proper subobjects.
Consider the category F˜inn of abelian categories satisfying (†) with n isomorphisms classes
of simple objects together with a linear order on the set of isomorphisms classes SA1 , . . . , S
A
n
of simple objects in A ∈ F˜inn. Note that, for A ∈ F˜inn, the full subcategory S(A) ⊂ A
of direct sums of copies of simple objects in A is equivalent to (modfd–k)⊕n. Denote by
iS(A) : S(A)→ A the inclusion functor. For A,B ∈ F˜inn, we define morphisms A → B in
F˜inn to be isomorphism classes of exact functors Ψ: A → B that take SAi to S
B
i , for any
i = 1, . . . , n.
Denote by Finn ⊂ F˜inn the full subcategory whose objects are finite categories.
Theorem 9.3. Functor Υ: Basoppn → Finn such that Υ: A 7→ modfd–A and Υ(β) =
β∗ : modfd–B → modfd–A, for β ∈ HomBasn(A,B), is an equivalence of categories.
Proof. First, we check that Υ is well-defined. Let α ∈ HomBasn(A,B) be a morphism of
algebras. The restriction functor α∗ : modfd–B → modfd–A is exact and takes S
modfd–B
i
to Smodfd–Ai . Moreover, if α and α
′ are conjugate, then BBα′ → BBα′ , b 7→ bu, is an
isomorphism of B − A bimodules that induces an isomorphism of α∗ and α′∗.
For any A ∈ Basn, category modfd–A lies in Finn. Since any finite dimensional algebra
is Morita equivalent to a basic one (c.f [ASS06, Corollary I.6.3]), it follows from [Del90]
that any A ∈ Finn is equivalent to modfd–A, for some finite dimensional basic k-algebra
A with n isomorphisms classes of simple modules. Hence, Υ is essentially surjective.
Let now α, β ∈ HomBasn(A,B) be such that α∗ and β∗ are isomorphic. Since α∗N ≃
N ⊗B Bα and β∗N ≃ N ⊗B Bβ, functors α∗ and β∗ are isomorphic if and only if there
exists an isomorphism γ : BBα
≃
−→ BBβ of left B and right A modules (take N = B). Any
isomorphism of left B modules BB is of the form b 7→ bu, for some invertible u ∈ B. Since
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γ is an isomorphism of right A modules, we have bα(a)u = buβ(a), for any b ∈ B and
a ∈ A. It follows that α = uβu−1. Hence, Υ is faithful.
It remains to check that Υ is full. Let Ψ: B → A be a morphism in Finn. Categories
B and A are equivalent to modfd–B, and to modfd–A respectively, for A,B ∈ Basn.
Let S1, . . . , Sn denote pairwise non-isomorphic simple B modules and P1, . . . , Pn their
projective covers. Functor Ψ is exact, hence it commutes with finite direct sums. Since any
finite dimensional B module is a quotient of a free B module, analogous proof as in [Wat60,
Theorem 1] shows that Ψ is isomorphic to a functor NB 7→ N⊗BMA, for B−A bimodule
M = Ψ(B) (see also proof of Proposition 9.5). Since Ψ is exact, M is a flat B module.
Algebra B is Artinian, hence perfect. Thus, by [Bas60, Theorem P], M is projective,
i.e. BM ≃
⊕n
i=1 P
⊕bi
i . Then, for any M ∈ B–mod, we have i
∗
S(modfd–B)
M ≃ top(M).
Since top(Pi) ≃ Si, module Si ⊗ Pj is zero, if i 6= j, and isomorphic to Si when i = j.
In particular, dimk(Ψ(Si)) = dimk(Si ⊗B M) = bi. By assumption on morphisms in
Finn, module Ψ(Si) is simple over A. Since simple modules over basic algebras are one
dimensional, we have bi = 1, for any i. In other words, BM ≃ BB. As M has a structure
of a right A module, there exists αopp : Aopp → EndB(BM) ≃ EndB(BB) = Bopp.
Morphism αopp depends on a choice of an isomorphism γ : BM
≃
−→ BB, i.e. on a choice
of a generator m of M as a cyclic B module. Another generator m˜ corresponds under γ
to an invertible u ∈ B. Morphism α˜opp given by m˜ satisfies α˜opp = uαoppu−1. Thus, the
conjugacy class of α is well-defined.
We also have a slight variation on the theme of the above theorem.
Proposition 9.4. Let C be a unital k-algebra such that C/rad(C) ≃ kn together with
a linear order on the set of pairwise different homomorphisms γi : C → k. For any
A ∈ Basn, we have
Hom
B˜asn
(C,A) ≃ Hom
F˜inn
(modfd–A,modfd–C),
where Hom
B˜asn
(C,A) denotes the set of conjugacy classes of homomorphisms ϕ : C → A
such that αi ◦ ϕ = γi, for i = 1, . . . , n.
Proof. Analogously as in the proof of Theorem 9.3, for conjugate α, α′ : C → A, functors
α∗, α
′
∗ : modfd–A → modfd–C are isomorphic. Moreover, if α∗ and β∗ are isomorphic
functors modfd–A→ modfd–C, then morphism α, β : C → A are conjugate.
Finally, since A, considered as a right A module, is an object of modfd–A, any exact
functor modfd–A→ modfd–C is of the formNA 7→ N⊗AMC , for A−C moduleM , flat over
A. As in the proof of Theorem 9.3 we argue that AA ≃ AM , hence the structure of right
C module structure on M induces a conjugacy class of homomorphism Copp → Aopp.
Let again F1, . . . , Fn ∈ Coh(X) be sheaves. For A ∈ Finn, the category S(A) is
equivalent to (modfd–k)
⊕n. Denote by
i0 : S(A) ≃ (modfd–k)
⊕n → Coh(X)
the additive functor that sends the i’th simple object SAi to Fi.
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Proposition 9.5. The composite of equivalence Υ−1 : Finoppn
≃
−→ Basn of Theorem 9.3 with
functor ncDefF1,...,Fn defines a contravariant functor ncDefF1,...,Fn
: Finoppn → Sets such that
ncDef
F1,...,Fn
(A) = {(T, ϕ : T → i0 ◦ i
∗
S(A)) | T : A → Coh(X) is exact,
ϕ is a morphims of functors which induces an isomorphism
ϕ ◦ iS(A) : T ◦ iS(A)
≃
−→ i0 ◦ i
∗
S(A) ◦ iS(A) ≃ i0}/ ∼,
(96)
where (T, ϕ) ∼ (T ′, ϕ′) if there exists an isomorphism of functors γ : T
≃
−→ T ′ such that
ϕ′γ = ϕ.
Proof. For A ∈ Basn, denote by iA : A → k⊕n the morphism iA = (α1, . . . , αn). Then
i∗S(modfd–A) = i
∗
A : modfd–A→ S(modfd–A) ≃ (modfd–k)
⊕n.
Any (F, ϕi : F → Fi) ∈ ncDefF1,...,Fn(A) defines an exact functor
TAF : modfd–A→ Coh(X), T
A
F : M 7→M ⊗A F,
and a morphism of functors ϕA : TAF → i0 ◦ i
∗
A. Moreover, morphism ϕ
A induces an
isomorphism ϕA ◦ iA∗ : TAF ◦ iA∗ → i0 ◦ i
∗
A ◦ iA∗ ≃ i0 of functors (modfd–k)
⊕n → Coh(X).
Thus, (TAF , ψ
A) ∈ ncDefF1,...,Fn(modfd–A) = ncDefF1,...,Fn(Υ(A)).
Conversely, let A be an object in Finn and let (T, ϕ) ∈ ncDefF1,...,Fn(A), as defined in
(96). Let also A ∈ Basn be such that A ≃ modfd–A. Then T (A) ∈ Coh(X) has an action
of A upon it induced by multiplication A⊗k A→ A. Thus, T (A) is an A⊗k OX module.
For any N ∈ modfd–A, the composition N
≃
−→ HomA(A,N)
T
−→ HomX(T (A), T (N))
corresponds by adjunction to a morphism βN : N ⊗A T (A)→ T (N). This way we obtain
a morphism β : (−) ⊗A T (A) → T (−) of functors modfd–A → Coh(X), which is an
isomorphism for any free A module. Any A module N fits into a short exact sequence
0→ R→ F → N → 0,
with a free module F . Commutativity of diagram
T (R) // T (F ) // T (N) // 0
R⊗A T (A) //
βR
OO
F ⊗A T (A) //
βF≃
OO
N ⊗A T (A) //
βN
OO
0
implies that βN is surjective. Since N was arbitrary, βR is also surjective. By the five
lemma, βN is an isomorphism.
Above, we have used only the fact that T : A → Coh(X) is right exact. Since functor
i0◦i∗S(A) is also right exact and i0◦i
∗
S(A)(A) = F1⊕. . .⊕Fn, analogous argument shows that
i0 ◦ i∗S(A)(−) and (−)⊗A (F1⊕ . . .⊕Fn) are isomorphic functors A ≃ modfd–A→ Coh(X).
Functor T (−) ≃ (−) ⊗A T (A) is exact, hence T (A) is an A ⊗ OX module, flat over
A. Moreover, morphism T → i0 ◦ i
∗
S(A) gives a morphism ϕA : T (A) → i0 ◦ i
∗
S(A)(A) =
F1 ⊕ . . .⊕ Fn of A ⊗ OX modules. Let πi : F1 ⊕ . . .⊕ Fn → Fi denote the projection to
the i’th component. Then, (T (A), πi ◦ ϕA) ∈ ncDefF1,...,Fn(A) = ncDefF1,...,Fn(Υ
−1(A)).
It is easy to see that pairs (F, ϕi : F → Fi), (G,ψi : G → Fi) are isomorphic if and
only if pairs (TAF , ϕ
A), (TAG , ψ
A) are.
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We understand functor ncDefF1,...,Fn (96) as a categorical deformation functor. Next,
we describe how ncDefF1,...,Fn acts on morphisms in the category Finn.
Let α : B → A be a morphism of algebras and let N be an B ⊗ OX module flat
over B. Module N defines a functor TN : modfd–B → Coh(X), TN : MB 7→ M ⊗B N .
Similarly, module α∗N = A ⊗B N defines a functor Tα∗N : modfd–A → Coh(X) given
by Tα∗N : M˜A 7→ M˜ ⊗A A ⊗B N . Isomorphism M˜ ⊗A A ⊗B N ≃ M˜ ⊗B N implies that
Tα∗N ≃ TN ◦ α∗. It follows that for a pair (T, ϕ) ∈ ncDefF1,...,Fn(modfd–B) and functor
α∗ : modfd–A → modfd–B, the pair α∗(T, ϕ) ∈ ncDefF1,...,Fn(modfd–B) is of the form
(T ◦α∗, ϕ′). In order to describe ϕ′, we first define a morphism γ : i∗S(B)Ψ→ i
∗
S(A), for any
Ψ ∈ HomFinn(A,B).
Let Ψ: A → B be a morphism in Finn. Composing Ψη : Ψ → ΨiS(A)i
∗
S(A), for
the adjunction unit η : Id → iS(A)i
∗
S(A), with isomorphism ΨiS(A)
≃
−→ iS(B) gives β ∈
Hom(Ψ, iS(B)i
∗
S(A)). We denote by γ : i
∗
S(B)Ψ → i
∗
S(A) the map corresponding to β under
the isomorphism Hom(i∗S(B)Ψ, i
∗
S(A)) ≃ Hom(Ψ, iS(B)i
∗
S(A)).
Let now (T, ϕ : T → i0 ◦ i∗S(B)) be an element of ncDefF1,...,Fn(B). For a morphism
Ψ ∈ HomFinn(A,B), the pair Ψ
∗(T, ϕ) is given by
Ψ∗(T, ϕ) = (T ◦Ψ, ϕ′ : T ◦Ψ
ϕΨ
−−→ i0 ◦ i
∗
S(B) ◦Ψ
i0γ
−→ i0 ◦ i
∗
S(A)) ∈ ncDefF1,...,Fn(A).
Since our categories of categories are opposite to the categories of algebras, instead of
pro-represntability we will have ind-represntability.
A category B ∈ F˜inn ind-represents ncDefF1,...,Fn if there exists an isomorphism of
functors HomF˜inn(−,B) ≃ ncDefF1,...,Fn(−).
In order to justify the usage of the word ”ind-represents” in the above definition, we
shall sketch the proof of the following
Proposition 9.6. Any A ∈ F˜inn is an ind-object over the category Finn.
We believe it is well known to the experts, however we failed to find a relevant reference.
Proof. Let A ∈ F˜inn. For anyM ∈ A, we denote by R(M) the intersection of all maximal
subobjects ofM . By [Nak70, Theorem 2.4], R(M) is the union of all superfluous subobject
of M (recall that N ⊂ M is superfluous if, for any proper subobject N ′ ⊂ M the union
N ∪N ′ ⊂ M is a proper subobject of M).
Denote by Al the full subcategory of A consisting of M ∈ A such that Rl(M) = 0.
Then, Al ⊂ A is an abelian subcategory. Moreover, since objects in A are of finite length
and R(M) ( M , for any M ∈ A, the category A is the inductive limit of Al along the
inclusions Al → Al+1.
Define by induction projective covers P li ∈ Al of simple objects Si ∈ Al. Put P
1
i = Si
to be the simple object in A. For l > 1, object P li is defined via a short exact sequence
0→
n⊕
j=1
Sj ⊗ Ext
1
A(P
l−1
i , Sj)
∗ → P li → P
l−1
i → 0, (97)
given by the universal extension class
ζ ∈ Ext1A(P
l−1
i ,
n⊕
j=1
Sj ⊗ Ext
1
A(P
l−1
i , Sj)
∗) ≃
n⊕
j=1
Ext1A(P
l−1
i , Sj)⊗ Ext
1
A(P
l−1
i , Sj)
∗
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corresponding to
⊕n
j=1 IdExt1A(P
l−1
i ,Sj)
. It follows from sequence (97) that, for any l ≥ 1,
HomA(P
l
i , Sj) =
{
k, if i = j,
0, otherwise
One also checks that, for n < l, sequence
0→ Rn(P li )→ P
l
i → P
n
i → 0
is exact, where P li → P
n
i is the composite P
l
i ։ P
k−1
i ։ . . .։ P
n
i of morphisms in (97).
In order to show that P li is projective in Al, one shows that for any simple object T
and a non-trivial extension
0→ T → M → P li → 0,
we have Rl(M) = T . The proof of this statement is an easy exercise which we leave to
the reader.
Next, we show that, for any B ∈ Finn, we have lim−→HomFinn(B,Am) ≃ HomF˜ inn(B,A).
Since subcategory Bl ⊂ B is closed under direct sums and subquotients and every object
M ∈ B is a quotient of direct sums of copies of the projective generator P , we have B ≃ Bl,
for l such that Rl(P ) = 0. Moreover, a functor Ψ ∈ HomF˜inn(A
′,A) defines Ψl : A′l → Al.
Indeed, if M ∈ A′l, then the radical filtration is a filtration of M of length less than l with
semi-simple quotients. Functor Ψ is exact and, by assumption, takes semi-simple objects
in A′ to semi-simple objects in A. Hence, Ψ(M) has a filtration of length less than l
with semi-simple quotients, i.e. Ψ(M) ∈ Al. It follows that, for B ∈ Finn, functor Ψ ∈
HomF˜inn(B,A) is decomposed as B
Ψl−→ Al
il−→ A. The functor Ψl together with canonical
embeddings Al → Am, for m > l, defines an element (Ψm) ∈ lim−→HomFinn(B,Am).
For B ∈ Finn, let l ∈ Z be such that B ≃ Bl. For (Ψm) ∈ lim−→HomFinn(B,Am), we
have an isomorphism Ψm ≃ ilmΨl, for m > l and the embedding i
l
m : Al → Am. Thus, the
family (ilmΨl)m≥l ∈ lim−→HomFinn(B,Am) gives Ψ ∈ HomF˜inn(B,A).
In view of Theorem 9.3, if the functor ncDefF1,...,Fn is representable, i.e. if the ind-
representing category is an object of Finn, then, by P. Deligne’s theorem [Del90], there
exists a basic unital algebra of non-commutative deformations for F1, . . . , Fn.
9.4 Non-commutative deformations of a simple collection
Consider a simple collection F1, . . . , Fn ∈ Coh(X), i.e. assume that
dimk HomX(Fi, Fj) = δij .
Let F({Fi}) ⊂ Coh(X) be the full subcategory with objects admitting a finite filtration
with quotients
⊕
i∈J Fi, for some finite set J .
Lemma 9.7. For any M ∈ F({Fi}) and any i, a morphism α : M → Fi is either zero or
surjective. A morphism β : Fi →M is either zero or injective.
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Proof. We proceed by induction on the length of M . Consider the first step of a filtration
of M :
0→M ′ →M
q
−→ F → 0.
Sequence 0 → Hom(F, Fi) → Hom(M,Fi) → Hom(M ′, Fi) is exact, hence a non-zero α
is either of the form λ q, for a non-zero scalar λ, or the composite α′ : M ′ → M → Fi is
non-zero. In the first case, α is clearly surjective. If α′ is non-zero, then, since M ′ has
length smaller than M , morphism α′ is surjective. It follows from the snake lemma for
diagram
0 // Fi // Fi // 0 // 0
0 //M ′ //
OO
M //
OO
F //
OO
0
that also α is surjective.
Analogous proof of the second statement is left to the reader.
Lemma 9.8. For an objectM ∈ F({Fi}) and a non-zero morphism Fi →M , the quotient
M ′ :=M/Fi lies in F({Fi}).
Proof. Let 0 =M0 ⊂M1 ⊂ . . . ⊂Mj ≃ M be a filtration ofM with Mj/Mj−1 isomorphic
to a direct sum of copies of Fi’s and let l be minimal such that the image of Fi → M
is contained in Ml. For n ≥ l, denote by M ′n the quotient of Mn by Fi. Then 0 =
M0 ⊂ M1 ⊂ . . . ⊂ Ml−1 ⊂ M ′l ⊂ . . . ⊂ M
′
j ≃ M
′ is a filtration of M ′ with subquotients
isomorphic to direct sums of copies of Fi’s, i.e. M
′ ∈ F({Fi}).
Proposition 9.9. Let F1, . . . , Fn be a simple collection. The category F({Fi}) is abelian.
Proof. Let M,N ∈ F({Fi}) and let f ∈ HomX(N,M). We shall show by induction on
the sum of the length of M and N that both the kernel K of f and its cokernel C are
objects in F({Fi}).
Fi is either a subobject of K or the composite Fi → N → M is non-zero, hence
injective, by Lemma 9.7.
Assume first that Fi ⊂ K. In diagram
K ′ // N ′ //M
K //
OO
N //
OO
M
≃
OO
Fi
≃ //
OO
Fi //
OO
0
OO
rows and columns are short exact sequences. By Lemma 9.8, N ′ ∈ F({Fi}). Since the
length on N ′ is smaller than the length of N , the inductive assumption implies that K ′
is an object in F({Fi}). It follows that K ∈ F({Fi}).
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If, on the other hand, Fi is a subobject of M then diagram
K // N ′ //M ′
K //
≃
OO
N //
OO
M
OO
0 //
OO
Fi
≃ //
OO
Fi
OO
implies that K is the kernel of a morphism N ′ → M ′. Since both N ′ andM ′ are objects in
F({Fi}) (by Lemma 9.8 again) of length smaller than N andM respectively, the inductive
assumption implies that K ∈ F({Fi}).
Dually one can prove that also the cokernel C of f is an object in F({Fi}).
If we assume furthermore that
dimk Ext
1
A(Fi, Fj) is finite, for any pair i, j,
then the same holds for any object M ∈ F({Fi}). Thus, F({Fi}) satisfies condition (†)
and, by definition, F({Fi}) ∈ F˜inn.
Theorem 9.10. Let F1, . . . , Fn ∈ Coh(X) be a simple collection with dimk Ext
1
X(Fi, Fj)
finite, for any i, j. Then the category F({Fi}) ind-represents the functor ncDefF1,...,Fn
.
Proof. Let ι∗ : F({Fi}) → Coh(X) denote the canonical inclusion. Functor i0 is
decomposed as i0 = ι∗ ◦ iS(F(Fi)). Hence, (ι∗, ι∗
ι∗η
−→ ι∗iS(F({Fi}))i
∗
S(F({Fi}))
) ∈
ncDefF1,...,Fn(F({Fi})), for the adjunction unit η : IdF({Fi}) → iS(F({Fi}))i
∗
S(F({Fi}))
. By
Yoneda lemma, we have a morphism Ψ: HomF˜inn(−,F({Fi})) → ncDefF1,...,Fn(−) of
functors Finoppn → Sets. Since ι∗ is conservative, ΨA is injective, for any A ∈ Finn.
Let now (T, ϕ) ∈ ncDefF1,...,Fn(A). Since every object of A is a finite extension of
simple objects S1, . . . , Sn and T is exact, T (M) ∈ F({Fi}), for any M ∈ A. Thus,
there exists a unique up to an isomorphism exact functor ΦT : A → F({Fi}) such that
T ≃ ι∗ ◦ΦT . Moreover, functor ΦT takes i’th simple object in A to the i’th simple object
Fi of F({Fi}). It follows that i∗S(F({Fi}))ΦT ≃ i
∗
S(A) and any element of ncDefF1,...,Fn(A) is
of the form Φ∗T (ι∗, ι∗ → ι∗iS(F({Fi}))i
∗
S(F({Fi}))
), for some ΦT : A → F({Fi}).
For an element (T, ϕ) ∈ ncDefF1,...,Fn(A) and a morphism Γ: A
′ → A in Finn, we have
ΦT ◦ Γ ≃ ΦT◦Γ : A′ → F({Fi}). It follows that Ψ induces an isomorphism on the spaces
of morphisms, which finishes the proof.
The same statement holds for a simple collection of objects in any abelian category.
The non-commutative deformation functor can be defined as is Proposition 9.5 with
Coh(X) replaced by an arbitrary abelian category (compare with [Eri10]).
9.5 Simple objects in Af
Next, we aim to prove that a suitable subcategory of Af is an object of F˜inn.
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Proposition 9.11. Let f : X → Y satisfy (p) and let F ∈ Af be a simple object. Then
there exists a closed point y ∈ Y and an embedding i : Cy → X of the reduced fiber of f
over y such that F is isomorphic to i∗i
∗(F ).
Proof. Take y ∈ Y to be such that the support of F meets Cy. Map α : F → i∗i∗(F )
is surjective. Proposition 2.7 implies that object i∗i
∗(F ) is a (non-zero) object of the
category Af . Since F is simple in Af , morphism α is an isomorphism.
In view of the above proposition, we can describe simple objects in Af for a complete
local Y . For the remainder of this section we shall assume that f : X → Y satisfies (c).
We denote by C the reduced fiber of f over the unique closed point of Y and by i : C → X
the closed embedding.
Proposition 9.12. Let f : X → Y be as above. We assume further that C ≃ P1 is
irreducible. Then the unique, up to isomorphism, simple object in Af is i∗OC(−1).
Proof. Let F be a simple object in Af . By Proposition 2.7, object i
∗F lies in category Ag,
for morphism g : P1 → pt. Functor i∗ is t-exact, hence any injective morphism F ′ →֒ i∗F
leads to a non-zero subobject i∗F
′ ⊂ i∗i∗F . According to Proposition 9.11, the latter
object is isomorphic to F . Hence, i∗F is a simple object in Ag. Objects in the category
Ag are of the form OC(−1)
⊕
a. Thus, i∗(F ) = OC(−1).
The Picard group of X is isomorphic to Zn, where the isomorphism is given by the
degrees of restriction to irreducible components of C: L 7→ deg(L|Ci)i=1,...,n.
Let xi ∈ Ci ⊂ X be a closed point such that xi /∈ Ck, for any k 6= i, and j : X˜i → Xi a
closed embedding of the vicinity of xi into a smooth variety Xi. There exists an effective
Cartier divisor Di ⊂ Xi such that scheme-theoretically Di ∩ j∗Ci = {j∗xi}. By pulling
back Di to X˜i, we see that effective divisor Di ⊂ X as in (14) can be chosen in such a
way that scheme-theoretically Di.Ci = {xi} and Di.Ck = 0, for k 6= i, see also [VdB04,
Lemma 3.4.4]. We denote by ιDi : Di → X the embedding of Di into X .
Lemma 9.13. Let F be a coherent sheaf supported on C with Tor0(F ) = 0. Then
L1ι∗DiF = 0 and the length of ι
∗
Di
F does not depend on the choice of point xi ∈ Ci \∪j 6=iCj
and divisor Di.
Proof. Isomorphism ιDi∗Lι
∗
Di
F ≃ ODi ⊗
L F and short exact sequence
0→ OX(−Di)→ OX → ODi → 0
imply that ιDi∗L
1ι∗Di(F ) is the kernel of the morphism F (−Di) → F . The kernel would
have a zero dimensional support, hence it is zero by assumption on F .
The length of ι∗Di(F ) equals the Euler characteristic χ(H
·(X,ODi ⊗
L F )). Hence it
depends only on the classes of F and ODi in Grothendieck group K0(X). This implies
that the length is independent of the point and the divisor.
Note that, for any non-zero sheaf E ′ with zero-dimensional support, the sheaf f∗(E
′)
is non-zero. As, for any coherent sheaf E, the direct image f∗Tor0(E) is a subsheaf of
f∗(E), we have f∗Tor0(E) = 0, for any E ∈ Af . Hence, Tor0(E) = 0, too.
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Consider the category
Af,C = {E ∈ Af | SuppE ⊂ C}. (98)
Lemma 9.13 allows us to unambiguously define numbers
ri(F ) = length ι
∗
Di
(F ),
for any F ∈ Af,C .
Proposition 9.14. If F ∈ Af,C and ri(F ) = 0, for every i, then F ≃ 0. Moreover, every
object of category Af,C has finite length.
Proof. As Af,C does not contain sheaves with zero-dimensional support, any F ∈ Af,C
with ri(F ) equal to zero, for all i, must necessarily be the zero sheaf. Since L
1ι∗Di(F ) is
zero for F ∈ Af,C by Lemma 9.13, numbers ri(F ) are additive on short exact sequences
in Af,C . This implies that the length of every object is finite.
Theorem 9.15. Let f : X → Y be a proper morphism with fibers of relative dimension
bounded by one such that Rf∗OX ≃ OY , where Y = Spec R is a spectrum of a complete
local Noetherian ring. Denote by ιi : Ci → X the embedding of irreducible components of
C. Then {ιi∗OCi(−1)} is the set of all isomorphism classes of simple objects in Af .
Proof. Clearly, objects ιi∗OCi(−1) are simple as any proper subobject E would necessarily
satisfy rj(E) = 0, for all j.
Let F ∈ Af be simple and assume that ri(F ) 6= 0, for some i. Let Z be
the normalization of ProjY
⊕
l≥0 f∗(OX(lDi)) and let h : Z → Y denote the canonical
morphism. Then f : X → Y can be decomposed as
X
g
  ❅
❅❅
❅❅
❅❅
❅
f

Z
h~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
Y
where g : X → Z is a morphism that contracts all components of the fiber of f but Ci.
Indeed, divisor Di in the linear system |Di| can be chosen in such a way that its
unique closed point is any given xi ∈ Ci \
⋃
j 6=iCj. Hence, base locus of |Di| is empty and
morphism g is well-defined on all closed points of X .
It follows from the construction of g that Rg∗(F ) is a non-zero object in Ch. From
Proposition 9.11, we conclude that F is supported on the reduced fiber of f over the
unique closed point of Y , hence g∗(F ) is supported on the schematic fiber of morphism
h. By Proposition 9.12, there exists an injective morphism OCZ (−1) → g∗(F ), where
CZ ⊂ Z is the reduced fiber of morphism h.
By adjunction, there exists a non-zero morphism α : g∗OCZ (−1) → F . Since
OCZ (−1) ≃ g∗OCi(−1), Lemma 2.5 implies that g
∗OCZ (−1) is an object in Af . Since
F is simple in Af , map α is surjective and fits into a short exact sequence
0→ A1 → g
∗OCZ (−1)→ F → 0
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with A1 ∈ Ag. Since ri(g
∗OCZ (−1)) = 1, sheaf A1 is supported on the union of the
components of the fiber of f different from Ci.
In view of adjunction
Hom(g∗OCZ (−1), ιi∗OCi(−1)) ≃ Hom(OCZ (−1), g∗ιi∗OCi(−1))
≃ Hom(OCZ (−1),OCZ (−1)),
we have a non-zero morphism β : g∗OCZ (−1)→ ιi∗OCi(−1). On the other hand the space
Hom(A1, ιi∗OCi(−1)) ≃ Hom(ι
∗
iA1,OCi(−1)) is zero, because ι
∗
i (A1) is a sheaf supported
at the intersection points Ci ∩ Cj .
Hence, morphism β factors through a non-zero morphism F → ιi∗OCi(−1), which is
necessarily an isomorphism, as both F and ιi∗OCi(−1) are simple objects in Af .
One can compare this theorem with the result of M. Van den Bergh [VdB04,
Proposition 3.5.7] that simple objects in the category −1Per(X/Y ) are OCi(−1)[1] and
one extra object, the structure sheaf of the schematic fiber over the closed point.
9.6 The null-category as the space of universal non-commutative
deformations
Now we describe how the category Af,C itself can be considered as the space of universal
non-commutative deformations for simple objects in it.
Let f : X → Y be a proper birational morphism with fibers of relative dimension
bounded by one such that Rf∗OX ≃ OY and Y = SpecR is a spectrum of a complete
Noetherian local ring. We further assume that the codimension of the exceptional locus
of f in X is greater than one. Let further C =
⋃n
i=1Ci be the fiber over the closed point
p ∈ Y .
If f : X → Y is a morphism of threefolds, the exceptional fiber is the fiber over the
closed point. Hence, category Af,C is equivalent to Af . In this case, we have Af,C ∈ Finn,
see Proposition 2.3 and Theorem 9.15. If dimX > 3, projective generator P of Af is not
supported on the fiber C over the unique closed point of Y . However, category Af,C is
still an object of F˜inn, see Proposition 9.14 and Theorem 9.15.
Theorem 9.16. Let f : X → Y be as above. Category Af,C ind-represents the functor
ncDef
OC1(−1),...,OCn(−1)
: Finoppn → Sets.
Proof. Theorem 9.15 implies that Af,C ≃ F(OCi(−1)). The statement follows from
Theorem 9.10.
Non-commutative deformations of a subset of simple objects in Af,C were considered
in [DW15] in the three dimensional case. For a flopping contraction f : X → Y of
a curve C =
⋃n
i=1Ci embedded in a projective threefold X with Gorenstein terminal
singularities and a subset J ⊂ {1, . . . , n}, there exists an ideal IJ ⊂ AP such that the
functor Hom(−, AP/IJ) is the pro-representable hull of an appropriate functor of non-
commutative deformations of {OCi(−1)}i∈J (defined on the category of r pointed Artinian
algebras that we do not consider here). The ideal IJ allows to define an auto-equivalence
TJ : Db(X) → Db(X). Examples of braiding relations for TJ and TJ ′ were studied in
[DW15].
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A Grothendieck duality and twisted inverse image
functor
Let f : X → Y be a proper morphism of Noetherian schemes. Direct image functor Rf∗
maps D−(X) to D−(Y ). Considered as a functor Dqc(X)→ Dqc(Y ), Rf∗ admits the right
adjoint denoted by f !. Functor f ! maps D+qc(Y ) to D
+
qc(X) and, for any E
· ∈ Dqc(X) and
F · ∈ D+qc(Y ), the sheafified Grothendieck duality
Rf∗RHomX(E
·, f !(F ·)) = RHomY (Rf∗(E
·), F ·), (99)
is satisfied, see [LH09, Cor 4.2.2].
Let f be a proper morphism. We construct a morphism α : Lf ∗(−)⊗f !(OY )→ f !(−).
In view of adjunction
HomX(Lf
∗(F ·)⊗ f !(OY ), f
!(F ·)) ≃ HomY (Rf∗(Lf
∗(F ·)⊗ f !(OY )), F
·),
finding αF · is equivalent to finding a morphism Rf∗(Lf
∗(F ·) ⊗ f !(OY )) → F ·. By
projection formula, we have
Rf∗(Lf
∗(F ·)⊗ f !(OY )) = F
· ⊗Rf∗f
!(OY ).
Let ε : Rf∗f
!(OY )→ OY be the counit of adjunction. Then morphism
idF · ⊗ ε : F
· ⊗Rf∗f
!(OY )→ F
· ⊗OY ≃ F
·
gives a morphism
αF · : Lf
∗(F ·)⊗ f !(OY )→ f
!(F ·). (100)
Lemma A.1. Let f : X → Y be a proper morphism. Then αF · is an isomorphism for
F · ∈ Perf(Y ).
Proof. Morphism αOY is clearly an isomorphism. By P. Deligne´’s appendix to [Har66],
functor f ! is defined locally on Y , hence α is also an isomorphism for any complex F · which
is locally quasi-isomorphic to a complex of locally free sheaves, i.e. for F · ∈ Perf(Y ).
By [LH09, §4.7] morphism Lf ∗(F ·) ⊗ f !(OY ) → f !(F ·) is an isomorphism for all F ·
in Dqc(Y ) if and only if f is proper and of finite Tor dimension.
B Enhancements and spherical functors
B.1 DG enhancement for the category of functors
Let k be a field and X a quasi-compact, quasi-separated k-scheme. Denote by I(X) the
DG category of h-injective complexes of injective sheaves on X and by Iqc(X) the full DG
subcategory of objects homotopy equivalent to objects of Dqc(X). Both DG categories are
pre-triangulated and [I(X)] ≃ D(Mod–OX), [Iqc(X)] ≃ Dqc(X), where by [C] we denote
the homotopy category of a DG category C. For a DG functor G, we denote by [G] the
induced functor on homotopy categories.
71
Let now α : X → Y be a separated and locally proper morphism such that the proper
direct image functor α! : Mod–OX → Mod–OY has finite cohomological dimension. Let
C(Mod–OX) denote the DG category of complexes of OX modules. By [Sch15], there
exists a DG functor i : C(Mod–OX) → I(X) such that i = [i] is an equivalence of
categories, and DG functors
(−⊗−) : I(X)⊗ I(X)→ I(X), Hom : I(X)opp ⊗ I(X)→ I(X),
α∗ : I(Y )→ I(X), α∗ : I(X)→ I(Y ),
α! : I(X)→ I(Y ), α
! : I(Y )→ I(X)
such that diagrams
D(Mod–OY )
Lα∗ //
i≃

D(Mod–OX)
i≃

[I(Y )]
α∗
// [I(X)]
D(Mod–OX)
Rα∗ //
i≃

D(Mod–OY )
i≃

[I(X)] α∗
// [I(Y )]
together with the analogous ones for the remaining four functors, commute up to canonical
2-isomorphisms. Here, for simplicity, α∗ denotes the functor [α∗], the same for α∗. The
above six functors satisfy properties similar to those satisfied by α∗, α∗, etc., but now up
to 2-isomorphisms in an appropriate 2-category of categories [Sch15].
Let C and D be DG categories that allow left tensor products with DG k modules.
Denote by DGFun⊕(C,D) the category of DG functors C → D that commute with this
tensor product. This condition boils down to commutativity with direct sums, hence the
notation. By DGFunpre-tr(C,D) we denote functors which respect the convolution functors
TC : Cpre-tr → C, TD : Dpre-tr → D [BK90] and shifts. Consider DG functor
Φ: I(X × Y )→ DGFun⊕pre-tr(I(X), I(Y )), ΦK = πY ∗(K⊗πX
∗(−)).
Let D−p (X×Y ) ⊂ D
−(X×Y ) be the full triangulated subcategory of object whose support
is proper over Y and Ip(X×Y ) the full DG subcategory of I(X×Y ) consisting of objects
homotopy equivalent to objects of D−p (X × Y ). Functor
Υ: Ip(X × Y )→ DGFunpre-tr(I(Y ), I(X)), ΥK = πX∗Hom(K, πY
!(−)) (101)
provides, for any K in Ip(X × Y ), functor ΥK together with morphisms
Id→ ΥKΦK , ΦKΥK → Id (102)
that become respectively adjunction unit and counit for the induced functors on homotopy
categories.
For K ∈ I(X × Y ) and L ∈ I(Y × Z), put
L ∗K := πXZ∗(πY Z
∗(L)⊗πXY
∗(K)).
Morphisms (−)⊗f
∗
(?)→ f
∗
(f ∗(−)⊗(?)) and p
∗
q∗ → f ∗g
∗
, for a commutative diagram
W
p //
q

X
f

Z g
// Y
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(see [Sch15]) yield a chain of homotopy equivalences
ΦL ◦ ΦK! ΦL∗K (103)
in DGFun⊕pre-tr(I(X), I(Y )).
Category C(QCoh(X)) of unbounded complexes of quasi-coherent sheaves on X
admits a stable, proper, cofibrantly generated model structure, cf. [Toe¨07]. For any
E ∈ Perf(X), i.e. a compact object in Dqc(X) [BVdB03], the h-injective resolution
E˜ ∈ C(QCoh(X)) is fibrant-cofibrant, [Hov01]. By [SS03], for DG algebra AE˜ =
HomC(QCoh(X))(E˜, E˜), functor Hom(E˜,−) : C(QCoh(X)) → DGMod–AE˜ admits a left
adjoint (−)⊗ E˜ : DGMod–AE˜ → C(QCoh(X)). Composing (−)⊗ E˜ with the DG functor
i constructed in [Sch15] yields a DG functor
τE : DGMod–AE˜ → Iqc(X). (104)
If P ∈ Dqc(X) is a compact generator, we denote by AX the DG endomorphism algebra
of h-injective resolution P˜ ∈ C(QCoh(X)) of P . Then, functor τ := τP induces an
equivalence [DGMod–AX ]
≃
−→ [Iqc(X)]. The lift P˜ of P to Iqc(X) yields its right adjoint
τ ! : Iqc(X)→ DGMod–AX , τ
! = Hom(P˜ ,−). (105)
DG enhancements DGMod–AX and DGMod–AY for Dqc(X), Dqc(Y ) respectively,
yield a different point of view on the homotopy category of DG functors. Namely, let
SF–AX denote the category of semi-free AX DG modules, i.e. DG modules that admit a
filtration with direct sums of shifts of representable DG modules as the graded factors of
the filtration [Dri04]. Functor
T : DGMod–AoppX ⊗ AY → DGFun
⊕
pre-tr(SF–AX ,DGMod–AY ) (106)
that takes M ∈ DGMod–AoppX ⊗ AY to TM = (−) ⊗AX M is a DG equivalence.
Indeed, multiplication µAX : AX ⊗k AX → AX can be considered as a morphism of
right AX DG modules. Therefore, G(µAX ) : AX ⊗k G(AX) → G(AX), for any G in
DGFun⊕pre-tr(SF–AX ,DGMod–AY ), endows G(AX) with a left AX DG module structure.
Furthermore, for any N ∈ DGMod–AX , the composite N
≃
−→ HomAX (AX , N) →
HomAY (G(AX), G(N)) corresponds to βN : N ⊗AX G(AX) → G(N). Morphism βAX is
an isomorphism, therefore it is an isomorphism for any N ∈ SF–AX . Hence, G ≃ TG(AX ).
Functors τ and τ ! as in (104), (105) allow us to define
Θ: DGFun⊕pre-tr(Iqc(X), Iqc(Y ))→ DGFun
⊕
pre-tr(DGMod–AX ,DGMod–AY ), G 7→ τ
!Gτ.
By [LS14, Theorem 1.1], if X and Y are Noetherian separated schemes such that any
perfect complex on both X and Y is isomorphic to a bounded complex of locally free
sheaves, the composite
[Θ] ◦ [Φ] : Dqc(X × Y )→ [DGFun
⊕
pre-tr(DGMod–AX ,DGMod–AY )]
is an equivalence of triangulated categories.
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Denote by Funexc(Dqc(X),Dqc(Y )) the category of exact functors Dqc(X) → Dqc(Y ).
Note that a DG functor between pre-triangulated DG categories induces an exact functor
between corresponding homotopy categories. Since functor τ induces an equivalence
[DGMod–AX ] ≃ Dqc(X), we have the functor
[DGFunpre-tr(DGMod–AX ,DGMod–AY )]→ Funexc(Dqc(X),Dqc(Y )).
This way, a morphism of functors in Funexc(Dqc(X),Dqc(Y )) has a cone when lifted to
the homotopy category of DG functors (which is a triangulated category).
Functor [Θ] ◦ [Φ] takes any K ∈ Dqc(X × Y ) to functor ΦK = RπY ∗(K ⊗
L Lπ∗X(−)).
If K ∈ D−p (X × Y ), then ΦK takes D
−(X) to D−(Y ), and, in view of (102), admits the
right adjoint ΥK = Φ
!
K = RπX∗RHom(K, π
!
Y (−)). A distinguished triangle
K1 → K2 → K3 → K1[1] (107)
of objects in D−p (X × Y ) is given by a closed degree zero morphism K˜1 → K˜2, for some
lifts K˜1, K˜2 ∈ Ip(X × Y ) of K1 and K2 respectively. Since functors Θ, Φ, and Υ are
pre-triangulated, triangle (107) yields distinguished triangles
ΦK1 → ΦK2 → ΦK3 → ΦK1 [1], Φ
!
K3 → Φ
!
K2 → Φ
!
K1 → Φ
!
K3 [1]
of functors Dqc(X) → Dqc(Y ) and Dqc(Y ) → Dqc(X). Moreover, in view of homotopy
equivalence (103), for any LZ ∈ D(Y × Z) and LW ∈ D(W × X), triangle (107) gives
distinguished triangles
ΦLZ∗K1 → ΦLZ∗K2 → ΦLZ∗K3 → ΦLZ∗K1 [1], ΦK1∗LW → ΦK2∗LW → ΦK3∗LW → ΦK1∗LW [1]
of functors Dqc(X)→ Dqc(Z), Dqc(W )→ Dqc(Y ) respectively.
Note that, for K ∈ D−p (X × Y ) and L ∈ D
−
p (Y × Z), the composite ΦL ◦ ΦK is also
of the form ΦN , for some N ∈ D−p (X × Z). Indeed, since the support of L is proper over
Z, the support of L ∗ K = Lπ∗XYK ⊗
L Lπ∗Y ZL is proper over X × Z. Thus, L ∗ K has
coherent cohomology, i.e. it is in D−(X × Z). Moreover, the fact that support of K is
proper over Y implies the properness over Z of the support of L ∗K. It follows that the
support of L ∗K is proper over Z, i.e. L ∗K ∈ D−p (X × Z). Finally, by (103), we have
an isomorphism ΦL ◦ ΦK ≃ ΦL∗K .
B.2 Isomorphism of functors
Throughout the paper we repeatedly use the fact that, for algebras A, B and functors
F,G ∈ [DGFun⊕pre-tr(SF–A,DGMod–B)], an isomorphism of F and G on generators yields
an isomorphism F
≃
−→ G.
More precisely, the functor T defined in (106) gives, for any M ∈ DGMod–Aop ⊗ B,
functor TM : D(Mod–A)→ D(Mod–B) defined as the composite
D(Mod–A)
≃
−→ [SF–A]
[TM ]−−→ [DGMod–B]→ D(Mod–B).
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Lemma B.1. Let A, B be algebras and M a complex of A − B bimodules such that
H i(M) = 0, for i 6= 0. Let also E ⊂ D(Mod–A) be the full subcategory with one object
A. Then the quasi-isomorphism class of M is determined by the isomorphism class of
restriction TM |E : E → D(B).
Proof. By definition, M ≃ TM(A) as a right B module. Functor TM |E gives a map A ≃
HomA(A,A)
β
−→ HomD(B)(M,M). By assumption on M , we have a quasi-isomorphism
M ≃ H0(M), hence HomD(B)(M,M) ≃ HomD(B)(H0(M), H0(M)). Then morphism β
recovers the left A module structure of H0(M), hence a quasi-isomorphism class of M as
an A−B bimodule.
As an easy corollary, we get the following
Lemma B.2. Let A, B be algebras and M1, M2 complexes of A−B bimodules such that
H i(M1) = 0, for i 6= 0. Let again E ⊂ D(Mod–A) denote the full subcategory with one
object A. Then functors TM1, TM2 are isomorphic if an only if TM1 |E and TM2 |E are.
Proof. Since TM1(A) ≃ M1 and TM2(A) ≃ M2, isomorphism of functors TM1 |E ≃ TM2 |E
implies a quasi-isomorphism of M1 and M2 as complexes of right B modules. Therefore,
H i(M2) = 0, for i 6= 0. We conclude by Lemma B.1.
B.3 Spherical functors
Let now C1, C2 be pre-triangulated DG categories with homotopy categories [C1] = D1,
[C2] = D2. Let Ψ: C1 → C2 be a DG functor. Assume that Ψ = [Ψ] : D1 → D2 has a
right adjoint Ψ! : D2 → D1, which admits a lift Ψ! : C2 → C1. Finally, let η : Id → Ψ!Ψ,
ε : ΨΨ! → Id be morphisms such that η = [η] and ε = [ε] are the unit (respectively
counit), of the Ψ ⊣ Ψ! adjunction.
Morphisms η and ε allow us to define endo-functors of D1 and D2 via distinguished
triangles in the homotopy category of the category of DG functors,
C1 → IdD1
η
−→ Ψ!Ψ→ C1[1], (108)
ΨΨ!
ε
−→ IdD2 → T2 → ΨΨ
![1]. (109)
Above, C1 stands for a cotwist and T2 for a twist.
Functor Ψ: D1 → D2 is spherical if
(S1) T2 is an equivalence and
(S2) C1 is an equivalence.
Under above assumption, mattress
ΨC1[1] // 0 // T2Ψ
0 //
OO
Ψ ≃ //
OO
Ψ
OO
ΨC1 //
OO
Ψ //
≃
OO
ΨΨ!Ψ
OO
75
gives an isomorphism
T2Ψ ≃ ΨC1[2]. (110)
In [AL13], functor Ψ: D1 → D2 is assumed to have left and right adjoints Ψ∗ and
Ψ!, which allow some special liftings to the homotopy category of C2 − C1 DG bimodules.
Under these assumptions units and counits of both Ψ∗ ⊣ Ψ and Ψ ⊣ Ψ! adjunctions admit
preferred liftings to morphisms of DG functors. Therefore, one can consider, apart from
C1 and T2, endo-functors C2 and T1 defined via distinguished triangles
C2 → IdD2
η˜
−→ ΨΨ∗ → C2[1], (111)
Ψ∗Ψ
ε˜
−→ IdD1 → T1 → Ψ
∗Ψ[1]. (112)
Theorem B.3. [AL13, 5.1 and 5.2] Let Ψ, Ψ∗ and Ψ! be as above. Functor Ψ is spherical
if any two of the following hold
(S1) T2 is an equivalence,
(S2) C1 is an equivalence,
(S3) composite Ψ
∗T2[−1]→ Ψ∗ΨΨ! → Ψ! is an isomorphism of functors,
(S4) composite Ψ
! → Ψ!ΨΨ∗ → C1Ψ∗[1] is an isomorphism of functors.
Then also C2 and T1 are also equivalences of categories, quasi-inverse to T2 and C1
respectively.
C The structure of reduced fiber
Let f : X → Y be a proper morphism with fibers of relative dimension bounded by one
such that Rf∗(OX) = OY . Let C denote the reduced fiber of f over a closed point of Y .
Applying functor Rf∗ to short exact sequence
0→ IC → OX → OC → 0
of sheaves on X we obtain a surjective morphism R1f∗OX → R
1f∗OC , which implies
H1(OC) = 0.
Moreover, by [Har77, Corollary II.11.3], C is connected, i.e. H0(OC) = k.
Let C =
⋃
Ci be a reduced curve such that all of its irreducible components Ci are
smooth. An incidence graph is a bipartite graph whose vertices correspond to irreducible
components and singular points of C. An edge connects a vertex corresponding to an
irreducible component Ci with a vertex corresponding to a singular point c ∈ Sing(C) if
and only if c ∈ Ci. Note that the incidence graph can be simply connected even though
the dual intersection graph might be not, as the example of three curves meeting in one
point shows: the incidence graph is a tree - a point connected with three other points,
while the dual graph is a triangle.
We say that a reduced curve has normal crossing singularities if all components of the
curve are smooth and the Zariski tangent space at every singular point is the direct sum
of subspaces corresponding to components that meet at this point.
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Theorem C.1. Let C be a reduced proper algebraic curve over field k. Then H1(OC) = 0
if and only if the following conditions are satisfied:
(i) Every irreducible component Ci of C is a smooth rational curve,
(ii) The incidence graph of C has no cycles,
(iii) The curve has normal crossing singularities.
Proof. Assume that H1(OC) = 0. Let Ci be an irreducible component of C. The
restriction morphism OC → OCi gives a surjection on cohomology H
1(OC) → H1(OCi),
hence H1(OCi) = 0. Let
πi : C˜i → Ci
denote the normalization of Ci. Consider a short exact sequence of sheaves on Ci:
0→ OCi → πi∗OC˜i → F → 0.
Since F is supported at singular points of Ci, the group H
1(F) vanishes, hence H1(OC˜i) =
0. As C˜i is smooth, it is isomorphic to P
1
k.
Sequence
0→ H0(OCi)→ H
0(OC˜i)→ H
0(F)→ 0
is exact and the first morphism is an isomorphism. It follows that H0(F) = 0, i.e. sheaf
F is trivial. This proves that Ci is isomorphic to its normalization C˜i, which we have
already seen to be a smooth rational curve. This proves (i).
Assume that the incidence graph of C has a cycle. Let C ′ ⊂ C be the corresponding
(minimal) cycle of smooth rational curves, a subscheme in C with irreducible components
C1, . . . , Cl. Again, we know that H
1(OC′) = 0. Then we have a short exact sequence
0→ OC′ →
l⊕
i=1
OCi →
l⊕
i=1
Oci → 0,
where c1, . . . , cl are singular points of C
′. From long exact sequence of cohomology groups
it follows that H1(OC′) = k. This proves (ii).
Note that, for curves C satisfying conditions (i) and (ii), there exists an universal
curve C¯ and morphism
π¯ : C¯ → C,
with the property that C¯ has normal crossing singularities and, for every curve D with
normal crossing singularities and a map D → C, there is a unique lifting map D → C¯.
The construction of the curve C¯ is simple. Consider an affine neighbourhood U ⊂ C
of every point of the curve which does not contain more than one singular point. Assume
there is one. The irreducible components that meet at the singular point give some affine
subschemes in U . Since the category of affine schemes is opposite to the category of
unital commutative algebras, we can define the open chart U¯ of the universal curve over
U as a colimit over the diagram of embedding of the singular point into all these affine
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subschemes (by taking the spectrum of the limit over the diagram of the corresponding
commutative algebras). It has one normal crossing singularity.
If U has no singular points, then we put U¯ = U . We can glue U¯ ’s over C into a curve,
C¯, with normal crossing singularities. Conditions (i) and (ii) guarantee that C¯ has the
required universal property. Since we do not need this for our purpose, we skip the proof.
Clearly, π¯ is a set-theoretic isomorphism. We again have a short exact sequence with
sheaf F supported at singular points of C:
0→ OC → π¯∗OC¯ → F → 0,
whose long exact sequence of cohomology shows that F is trivial sheaf. This implies that
the schematic structure of C and C¯ coincide, which proves (iii).
Conversely, assume that C is a reduced curve satisfying conditions (i), (ii) and (iii).
We can assume that the curve is connected. We proceed by induction on the number of
irreducible components of C. The base of induction, the case of a single component, is
obvious. Since the incidence graph is a tree, then we can choose an irreducible component
C1 which has only one singular point, c. The curve C
′, the union of the other components,
satisfies the same assumptions as C. Hence, H1(OC′) = 0 by induction hypothesis. Since
the point c is a normal crossing singularity, then the kernel of the restriction morphism
OC → OC′ is easily seen to be OC1(−1). Then looking at the cohomology sequence for
the short exact sequence
0→ OC1(−1)→ OC → OC′ → 0,
we see that H1(OC) = 0.
D Calculation of Ext-groups for bounded above
complexes
Let A be an abelian category and A· a bounded above complex over A. Its ”stupid”
truncations σ≥iA define direct system σ≥iA
· → σ≥i−1A
·. Given two bounded from
complexes, A· and B·, we will be interested in the group Hom·(A·, B·) in terms of the
stupid truncations of both complexes. If both complexes have finite number of non-trivial
components, then there is a well-known spectral sequence. Its E1-layer is:
Epq1 =
⊕
j−i=p
Extq(Ai, Bj). (113)
If complex B is infinite then the relevant spectral sequence is:
Epq1 =
⊕
j−i=p
Extq(Ai, Bj). (114)
We need to put some conditions on A· in order to guarantee the spectral sequence is
converging to Hom·(A·, B·). We shall show that if, in addition, both complexes are
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bounded above and Extq(Ai, Bj) = 0, for q > 0 and i, j ∈ Z, then we have a graded
complex with terms
Cp =
∏
j−i=p
Hom(Ai, Bj) (115)
whose cohomology calculate Extp(A·, B·). Here the differentials are the limits of the
relevant differentials in the sequence (114) when we allow the truncations of A· and B·
to go to infinity.
Recall the following fact about cohomology of limits. Let (Mi)i∈Z be an inverse system
of abelian groups and M = lim←−Mi. We say that system (Mi)i∈Z satisfies (⋆) if morphism
Mi →Mi−1 is surjective, for any i.
Lemma D.1. [Spa88, Lemma 0.11] Let inverse systems (Ai), (Bi), (Ci), (Di) of abelian
groups satisfy (⋆) and (Ai
fi−→ Bi
gi−→ Ci
hi−→ Di)i∈Z be morphisms of inverse systems such
that gi ◦ fi = 0 and hi ◦ gi = 0, for all i. Denote by (A
f
−→ B
g
−→ C
h
−→ D) the limit
of (fi), (gi) and (hi). Let A
′
i, B
′
i, C
′
i and D
′
i be kernels of Ai → Ai−1, Bi → Bi−1,
Ci → Ci−1 and Di → Di−1 respectively. Let j ∈ Z be such that, for every i > j, sequence
A′i → B
′
i → C
′
i → D
′
i is exact. Then the natural homomorphism Kerg/Imf → Kergj/Imfj
is an isomorphism.
Lemma D.2. Let A· be a bounded above complex over A and let B· be any object in D(A).
Assume that there exists l such that Extj
Db(A)
(Ai, B·) = 0, for j < l and all i. “Stupid”
truncation of A· defines an inverse system Hom(σ≥iA
·, B·) → Hom(σ≥i+1A·, B·). Then
the canonical morphism
Extj(A·, B·)→ lim←−Ext
j(σ≥iA
·, B·)
is an isomorphism, for any j ∈ Z.
Proof. Let I· be an h-injective resolution of B· [Spa88]. A direct system of
objects σ≥i+1A
· → σ≥iA· induces an inverse system of complexes of k vector spaces
αi : HomCom(σ≥iA
·, I·)→ HomCom(σ≥i+1A·, I·). Morphism αi is surjective, i.e. property
(⋆) is satisfied, and its kernel is a complex HomCom(A
i[−i], I·). Cohomology groups of
this complex are Hj(HomCom(A
i[−i], I·)) ≃ Extj+i
Db(A)
(Ai, B·).
By assumption, for any j, there exists Nj ∈ Z such that, for i < Nj, complex
HomCom(A
i[−i], I·) is exact at degree j. By Lemma D.1, we conclude that
Hj(lim←−HomCom(σ≥iA
·, I·)) ≃ Hj(HomCom(σ≥iA
·, I·)) ≃ Extj
Db(A)
(σ≥iA
·, B·). (116)
In particular, the inverse system Extj
Db(A)
(σ≥iA
·, B·) → Extj
Db(A)
(σ≥i+1A
·, I·) stabilizes,
hence RHS of (116) is isomorphic to lim←−Ext
j
Db(A)
(σ≥iA
·, B·), for i sufficiently negative.
Moreover, we have lim←−HomCom(σ≥iA
·, I·) ≃ HomCom(A·, I·). Hence, isomorphism (116)
yields
Extj
Db(A)
(A·, B·) ≃ Hj(HomCom(A
·, I·)) ≃ lim←−Ext
j
Db(A)
(σ≥−iA
·, B·).
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For the reader’s convenience, we give the proof of the following well-known fact.
Lemma D.3. Let A· and B· be complexes of objects in A such that A· is finite and B·
is bounded above and with bounded cohomology. Assume further that there exists N ∈ Z
such that ExtjA(A
i, A) = 0, for all j > N , i ∈ Z and A ∈ A. Then, there exists a spectral
sequence
Ep,q1 =
⊕
k
Extp(Ak, Bk+q) ⇒ Hom·Db(A)(A
·, B·). (117)
Proof. For any n ∈ Z, injective resolutions I i,· of Bi give an injective resolution J·n of
σ≥nB
· such that complex J·n admits a filtration with graded factors I
i,·. The filtered
complex J·n yields a spectral sequence
nEp,q1 =
⊕
{k | k+q≥n}
Extp(Ak, Bk+q) ⇒ Hom·Db(A)(A
·, σ≥nB
·). (118)
From our assumptions, it follows that nEp,q1 is stationary for fixed p, q and n → −∞.
Moreover, the term nEp,q1 is zero, for any p /∈ [0, N ] or for any sufficiently positive q.
This confirms existence of the spectral sequence (117). This also implies that nEp,ql is
stationary for fixed p, q and n→ −∞ and l →∞.
Since B· has bounded cohomology, for n sufficiently negative, we have τ≥n+1σ≥nB
· ≃
B· and τ≤nσ≥nB
· ≃ Hn(σ≥nB·)[−n]. Thus, triangle τ≤nσ≥nB· → σ≥nB· → τ≥n+1σ≥nB·
reads
Hn(σ≥nB
·)[−n]→ σ≥nB
· → B· →Hn(σ≥nB
·)[−n + 1].
Moreover, since A· is bounded, assumptions on Ai imply that, there exists N˜ such that
Hom(A·, C[k]) = 0, for k > N˜ and all C ∈ A. Thus, Extj(A·,Hn(σ≥nB·)[−n]) ≃
Hom(A·,Hn(σ≥nB·)[j − n]) = 0, for n < j − N˜ . Then, for n < j − N˜ , we have from the
above triangle an isomorphism Extj−1
Db(A)
(A·, σ≥nB
·) ≃ Extj−1
Db(A)
(A·, B·).
This shows that the spectral sequence in (117) converges to Hom·Db(A)(A
·, B·).
Proposition D.4. Let A·, B· be bounded above complexes of objects in A with bounded
cohomology. Assume that there exists N ∈ Z such that Extj(Ai, A) = 0, for all j > N ,
i ∈ Z and A ∈ A. Assume further that Extj(Ai, Bk) = 0, for j > 0 and all i, k ∈ Z.
Then, Extj
Db(A)
(A·, B·) is isomorphic to the j’th cohomology group of complex (115).
Proof. In view of Lemma D.3 applied to σ≥iA
· and B·, for any i ∈ Z, the
spectral sequence (117) reduces to a single row. Hence, we have Extj(σ≥iA
·, B·) ≃
Hj(⊕k>iHom(Ak, B·+k)). The direct system σ≥i+1A· → σ≥iA· induces an inverse system
of complexes ⊕k>iHom(Ak, B·+k)→ ⊕k>i+1Hom(Ak, B·+k) satisfying condition (⋆). The
kernel of ⊕k>iHom(Ak, B·+k)→ ⊕k>i+1Hom(Ak, B·+k) is a complex Hom(Ai, B·)[i]. By
Lemma D.3, we have Hj(Hom(Ai, B·)[i]) ≃ Extj+i(Ai, B·), thus, for fixed j and any i
sufficiently negative, complex Hom(Ai, B·)[i] is exact at degree j. Lemma D.1 implies
that, for such i, we have
Hj(
∏
k
Hom(Ak, B·+k)) ≃ Hj(
⊕
k>i
Hom(Ak, B·+k)) ≃ Extj(σ≥iA
·, B·).
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Thus, Extj(σ≥iA
·, B·) is stationary, for i sufficiently negative, and we obtain
Hj(
∏
k Hom(A
k, B·+k)) ≃ lim←−Ext
j(σ≥iA
·, B·). Since B· has bounded cohomology,
assumptions of Lemma D.2 are satisfied. It follows that the latter space is isomorphic to
Extj(A·, B·), which finishes the proof.
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